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Many people consider the reduction of inequalities as a basic aim of society. Such ideas are, however, largely
nonoperational, sterile, and even meaningless, as long as what is called inequality is not stated with precision. .. It
thus seems essential to appraise the economic and, if we dare say, ethical, implications of the inequality measures,
and to build measures embodying the economic and ethical properties we feel inequality means.

~Kolm (1976)

1. Introduction

Despite the great relevance of Kolm’s (1976) remarks in the citation above, it is clear that the degree of
popularity of the different inequality indices that have been proposed in the literature is related to the
ease which with they can be grasped by a non-specialist. The Gini index thus remains the most
commonly used index because it has a simple graphical interpretation in terms of the Lorenz curve, a
diagrammatic tool that any layman can understand. This is also why it remains more popular than
entropy related indices such as the two Theil indices or than the family of so-called Atkinson indices, not
to mention the Bonferroni index whose definition even specialists of the field tend to ignore.

One may however wonder why the Bonferroni index has been overlooked for so many years. It is only
in recent years that some authors attempted to rehabilitate this measure of inequality (e.g. Tarsitano,
1990; Aaberge, 2000; Giorgi and Crescenzi, 2001; Piesch, 2005; Aaberge, 2007; Chakravarty, 2007;
Barcena and Imedio, 2008; Imedio-Olmedo et al., 2011). Aaberge (2007) in particular drew our attention
to several attractive properties of the Bonferroni index, or more precisely of what he called “scaled
conditional mean curve” which is just another name for the Bonferroni (1930) curve, from which the
definition of the Bonferroni index is derived. He thus stressed that since the scaled conditional mean for
a given percentile p is the ratio of the mean income of the poorest 100p% of the population and the
overall mean, it yields important information on poverty, assuming the poverty line has been
determined. Aaberge (2007) also emphasized the fact that in the case of a uniform distribution, the scale
conditional mean curve becomes the diagonal and represents hence a useful reference line (in addition to
the perfect equality line or to the case of maximal inequality). Aaberge showed in particular that if the
Bonferroni curve intersects the diagonal once from below (single intersection), the corresponding
distribution exhibits lower inequality than the uniform distribution below the intersection point and
higher inequality than the uniform distribution above this intersection point. The Bonferroni curve
which, like the Lorenz curve, is bounded by the unit square is also strongly related to the shape of the
underlying distribution curve I: when F is convex (strongly skewed to the left), the Bonferroni curve is
concave, and when F is concave (strongly skewed to the right), the Bonferroni curve is convex. Aaberge
(2007) proved also that the Bonferroni index satisfies the principle of diminishing transfers (see Kolm,
1976, and Shorrocks and Foster, 1987) for all strictly log-concave distributional functions and the
principle of positional transfer sensitivity (see Mehran, 1976) for all distributional functions. Finally the
Bonferroni index may also be interpreted in terms of relative deprivation (see Chakravarty, 2007).

The Bonferroni curve and index seem therefore to have quite nice properties and one may indeed
wonder why it did not become more popular. One reason is certainly related to the fact that the
Bonferroni index does not obey Dalton’s principle of population (see Barcena and Imedio, 2008). A
second element that seems to have been detrimental to the Bonferroni index is that its decomposition by
income sources or population subgroups is rather cumbersome (see Tarsitano, 1990). The present paper
will however propose a new algorithm to compute the Bonferroni index which should make such a
breakdown much easier to implement as well as much more attractive. This paper is therefore an
extension to the Bonferroni index of the results derived by Silber (1989) for the Gini index.

The following section thus shows that, as in the case of the Gini index (see Silber, 1989), the Bonferroni
index can be expressed in matricial form via what we call the Bonferroni B-matrix. Section 2 then shows
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how the use of such a B-matrix greatly simplifies the decomposition of the Bonferroni inequality index
by income sources. Sections 3 and 4, again using the B-matrix, then extend the analysis to the
breakdown of inequality by income classes and by population subgroups. Section 5 presents some results
on the link between the Bonferroni index and the concept of deprivation while section 6 gives a
matricial expression to the social welfare function that lies behind the Bonferroni index. Section 7
proposes a generalization of the B-matrix and proves that both the Gini and the Bonferroni indices are
special cases of such a generalization. Section 8 provides a short empirical illustration based on the
European Union Statistics on Income and Living Conditions (EU-SILC) data set for the year 2008,
while concluding comments are given in section 9.

2. Defining a " B-matrix or "Bonferroni matrix"

The Bonferroni curve (see Bonferroni, 1930) is defined as follows. Assume N individuals, let X; be the
income of individual i arranged in ascending order. Let S = (X, /NX) be the share of income of
individual i in total income, where X is the mean income in the whole population. Let us plot on the
horizontal — axis, like for the Lorenz curve, the cumulative population shares
{@/n),(2/n),.., (@1 /n),..((n=1)/n)L. On the vertical axis we plot not the cumulative income shares
(as in the case of the Lorenz curve) but the ratio of the cumulative income shares over the cumulative
population shares. In other words we plot the following values:

(sl+52) (sl+sz+...+s|) (s1+...+sI +...+sn) :}:1)}
1

S
{((1/ n))’( @/n) (i/n) (n/n)

The Bonferroni index is then defined as the area lying between the Bonferroni curve and the horizontal
line at height 1 (see Figure 1).

Figure 1: The Bonferroni curve

n(s,+s,+s,)/3 — —

n(s,+s,)/2 —

ns, |
T |
0 1/n 2/n 3/n (n-1)/n 1
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The Bonfetroni index | is hence defined as

(S, +5y) (8, +-+5) )
]_ _ |
=[@/n)@- ((1/ )))]+[(/ Y- ( ) ))]+ [@/n)(a- (—( ) N+
Sy tetSy ) SptetSy 7Sy
+[@/n)@- (—(( "D/ NI+ n)(@—( (n/n) NI

|

Let X, = (Z X;)/1 be the mean of the first iincomes which, as before, are ranked by increasing values.
1

We may then rewrite (1) as

X, (xl+x )12 (x +o X, )/| ()]
B=[(1/n>(1—<;>>]+[(1/n>(1—<—>>]+ 1@/ n)a- <—>>]+
/(n—=1 /
+[(1/n>(1—<(Xl+ +X;‘1) o )>>]+[(1/n>(1—<( 1’ f;‘“xn) "
Sl = W= Ry IR+ L Ky X))+t (L= (X [T 4ot (L= (K 1K)+ (RIR))] = ©)

:(1/n)(1/>‘<)[(Y+Y+...+Y+...+Y+Y)+(Y1+Y2+..+Yi +...+Yn_1+i)] =

_(®—(Un) 3 X)X
i—1 '

Itis then easy to verify that expression (3) may be also written as

s = (Ba/X) (4)

n
where B, =(X-(1/ n)ZX) refers to the absolute Bonferroni index of inequality (see Chakravarty,
i1
2007).
Note that, using (4), B, may be also expressed as
A =@{IX X, e X A X ] X (X +X5)2) +..

(X X+ e+ X)) D)+ (X + X, + o+ X 4+ X, ) 0]}

© By = @n){I((xy = x) D]+ [((X; = %)/ 2+ (X, =X;) [ 2)] +...
+ LG = X))+ o+ (X =X ) D]+ e+ (X, = X)) + o+ (X, — %X,) In)]
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n i 5
o By =MLY Y, ~x,)/ )] ©

i=1 j=1

This formulation of the absolute Bonferroni index was in fact already suggested by Chakravarty (2007).

Combining (4) and (5) we derive that

n_ i 6
SN CEDID ©
Expression (6) may also be written as
lg =(s,—5y) (7
+((5,12)=(5,/2)) +((s,/2) = (s,/2)
+ ...
+((s 1) = (s, /1)) +((s, /1) = (s, /1)) +...+((s /1) = (s, /1))
+

+((Spy /(n=1)) = (s, /(n-1))) + ((S,-1 /(N —1)) = (S, /(N 1)) +...
+((spy /(N=1) = (s /(n=D))) + ...+ ((S,-. /(N —1) = (S, /(N -1)))
+((s,/n)—(s,/n))+((s,/n)—(s,/n))+...+((s,/n)— (s, /n))
.+ (s, /)= (s, ,/N))+((s,/n)— (s, /n))

OPHI Working Paper 51 6

wiww.ophi.org.uk



Barcena-Martin and Silber Generalization &Decomposition — The Bonferroni Index

and, as a consequence,

l,=s[-1-1/2)-1/3) -..—(1/i)—...—A/(n-1)) - A/ n)] + 8
+s,[ -1/2)-W/3-..-A/i)-..—A/(n-D)-@/n)] +
+...
+s] -@/)-..—Ax/(n=-1)-A/n)]+
+...
+s,.[ -@/(n-1)-1/n)]+
+s,[ —@/n)]+
+s[Y+
+s,[(1/2)+ 1/ 2)] +
+...
+s[@/D)+@/)+...+@/0)]+
+...

+s, . [@/(n-D))+@/(n-D)+...+ A/ (n-D) +...+(/(n-D)) +(X/(n-D)] +
+s [/ n)+@/n)+..+(@/n)+..+ (@Q/n)+ (A/n)]

Itis then easy to derive that (8) may be also expressed in matricial form as

|, =u'Bs )

where U' isa 1 by N row vector of N elements all equal to 1, S a N by 1 column vector of the income

shares S|,S,,...,S ..., S, 1, S, ranked by increasing values, and B a N by N matrix which may be written

as
[0 12 13 i U(n-1) n 7 (10)
~1/2 0 13 i U(n-1) n
-1/3 0 i U(n-1) n
B U(n-J Un
- ~1/i ~Vi 0 U(n-1) Un
~1(n-1) -1(n-1) -1(n-1) . =1(n-1) 0 n
| —1n -1/n -1n -1/n -1/n 0 |
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Expression (9) may also be written as

|, =€Bs (11)

where € is a 1 by N row vector of the N individual population shares which are evidently all equal to
(1/n) and B, henceforth called the B-matrix or Bonferroni matrix, is defined as

B=nB (12)

In other words Bis defined as

0 n/2 n/3 n/i n/(n-1) n/n (13)
-n/2 0 n/3 n/i n/(n-1 n/n
-n/3 0 n/i n/(n-1 n/n
B n/(n-1 n/n
-n/i —n/i -n/i 0 n/(n-1 n/n
-n/(n-) -n/(n-1) -n/(n-1) -n/(n-J) 0 n/n
| —n/n -n/n -n/n -n/n -n/n 0 |

Note that the B-matrix may be defined as follows: assuming that i refers to the line and | to the
column, its typical element by is equal to 0 if i = j,to —(n/i) if j<i and to (n/]) if j>i 2 This

clearly implies that b, = —b; for i # j.

3. The decomposition of the Bonferroni index by income sources

Let us now call X; the income that individual I receives from income source | and assume that there

m n

are M sources of income. Let §; be the share (X; /Z ZX”) which represents the share of the
]

income that individual | receives from source | in the total income (all sources combined) in the

m
population and let S, = ZS”- represent the share of total income that individual 7 receives from all
=

2 Silber (1989) had defined in quite a similar way the Gini index, the linear mathematical operator being in this case what he
called the G — matrix.
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sources. Call now s; the column vector giving the shares s; for all the N individuals, these shares s,

being ranked by increasing values of the shares S.. The product (€'Bs) in (11) may therefore be

rewritten as

g =(e'Bs) = Zm: (e'Bs;) (14)

n
Let us also define a vector o ; whose typical elements are equal to the shares (s;/ Z S;) of the various
i-1

n
individuals in the total income from source |, these shares (s;/ Zsij) being ranked by increasing
i1

values of the shares S of the individuals in total income.

n
Let us similarly define a vector V; whose typical elements are also equal to the shares (s;/ Z S;) of the
i1
n
various individuals in the total income from source | but these shares (s;/ Zsij) are now ranked by
i1
increasing values.

m n
Given that . =1, it is easy to derive that expression (11) may be also written as
j y p y
=1 i1

n (15)
o, | (28) €Bo,)
X)) !

j=1i=1

(€Bo ;)
(e'Bv))

j could be labeled "Bonferroni correlation coefficient" since it compares the value

The ratio [

n
of the Bonferroni index of the shares (s;/ Z S;) of the various individuals in the income from source
i1

J (this is the expression €'Bv j) with the value of what could be called a "Pseudo-Bonferroni index"

OPHI Working Paper 51 9 www.ophi.org.mnk
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n
which is obtained when we rank the shares (s; / Z S;) not by increasing values but by increasing values
i1

of the shares S, of the various individuals in total income3.

Expression (15) shows therefore that the Bonferroni index can be expressed as the sum over all income

sources | of the product of three elements:
- the share | —=—— | of income soutce ] in total income

- the Bonferroni index (€'Bv ) for income source |

(¢ BG,j )
(e'Bv))

- the "Bonferroni correlation coefficient" for income source | which measures in a

way the correlation between income source | and total income4.
4. The decomposition of the Bonferroni index by income classes
Let us now assume that the (total) income data are available by income classes. There are K income

K
classes (e.g. 10 deciles) and in each income class h there are N, individuals so that N = Z n, . Let us
h-1

also partition the B-matrix into K? submatrices so that the B-matrix may be written as

3 The expression "Pseudo-Bonferroni index" is evidently used to stress the parallelism with what is known as the "Pseudo-
Gini index" (see, Silber, 1989).

4 The result shown by expression (15) is evidently very similar to the one obtained when decomposing the Gini index by
income source (see, Silber, 1989).

OPHI Working Paper 51 10 www.ophi.org.mnk
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[B(n,n,) .. B(n,n.)] (16)

_B(nK.,nl) B(nK.,nK)_

Note that the K square matrices B(n,,n, ) of size N, by N, have zeros on their diagonal. Whenever
j =1, any cell (i,]) in these matrices will be equal to (N/]) while whenever (j<1) any cell (i, ]) in

these matrices will be equal to —(n/1i).

For the K(K —1) remaining matrices B(n,,n,) ofsize P by g we can observe that the element in the
cell (i,]) will be equal to (N/]) whenever | >1i, 1 and] referring respectively to the rank of the line
and the column in the original B-matrix of size N by N. Similatly in these B(n,,n,) matrices the

clement in the cell (i, ]) will be equal to —(n/i) whenever | <i, I and] referring here also to the
rank of the line and the column in the original B -matrix of size N by n.

Let us now similatly decompose the row vector € and the column vector S in (11) into K components
tespectively called €'(N,) and S(N,), having each N, clements. The product € BS defined in (11) may

now be written, using well-known rules on partitioned matrices, as

€'Bs= ZK:e'(np)B(np,np)s(np) + ZK:[ZK: e(n,)B(n,,n,)s(n,)] (17)

p=l g=p

Using (17) it is then easy to detive that the within-income classes inequality B, is expressed as

< (18)
aNITH = Z € (np) B(np ’ np)s(np)
p=1
while the between income classes inequality By will be written as
K K (19)
BBET = Z[Z € (np) B(np ’ nq )S(nq)]
=l g=p

OPHI Working Paper 51 11 wiww.ophi.org.uk
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Let us now define as B, the Bonferroni matrix one would obtain in the case of n individuals
p
(observations). It should be clear that such a matrix B is generally different from the matrix
p
B(n,,n,) defined previously, the only exception being in the case whete the N individuals are the n,
poorest individuals, that is, when the n, by n, matrix B, is identical to the matrix composed of the
p
n, first lines and N, first columns of the overall Bonferroni matrix of size N by N.We can however

express the within-income classes B,q, contribution to the overall Bonferroni index as

€, B(n,.n,)s, 1 (20)
(¢, B, Sy )

Bum = . [€(n,)B(n,,n,)s(n, )] = Z{ (n, /n)(n,s,)(€, B, s, )

p=1

_ . .. . . .. Xp _ . . .
where §;is the average individual income shate in income class P, S, ==—, X, is the mean income in
XN

the income class p, €', a row vector of N, clements , cach being equal to (1/n;) and s, a column

Np
vector of n, elements whose typical element S, is equal to the share of individual i in the total
income of the income class p. If we call v, the population share (n,/n) of income class p, w, the

income share NS, B, the Bonferroni index for group p and C, the "correction factor" for group p

pop>
defined as

_[e,,B(n,,n,)s, ] (21)
(€, B,S,)

p

we can rewrite (20) as

Bum = ZK:[VprBpCp] 2

p=1

In other words the within-income classes Bonferroni index is equal to the sum over all K income
classes of the product of the population share, income share, Bonferroni index and correction factord

for each income class pO.

5 See the appendix for a detailed formulation of the numerator and denominator of this correction factor.
6 One may remember that the within-income classes Gini index is equal to the sum over all income classes of the population

share, income share and Gini index for each income class P (see, Silber, 1989). There is thus no "correction factot" in the
case of the within-income classes Gini index.
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It is important to note that By, is not equal to the weighted sum of the Bonferroni indices of the
different income classes since expression (22) may be also written as

> y S . 23
B\I\IITH = Z[VPWPBPCp] = ZVPWPBP + szWpo(Cp _1) — BW + Bresdua| W ( )
p=1 p=1 p=1

where B" is equal to the sum of the within-income classes Bonferroni indices while the residual term

resdual W . .
B is a consequence of the fact that the Bonferroni index does not obey Dalton’s principle of

population.
Let us now take a look at the definition of the between-income classes inequality Bgz; defined in (19).

Let us in particular express the two components of this between-income classes inequality which deal
with the comparison of groups P and Q. Using (19) the sum S, of these two components may be

written as

S, =[€(n,)B(n,,n,)s(n,)] +[€'(n;)B(n,.n,)s(n,)] (24)

As an illustration, assume that there are five individuals. Income class P is the first (poorest) income
class and it includes the first two individuals (the two poorest individuals) while income class ¢ will be
assumed to be the second income class and to include the next three individuals. It is then easy to verify

that

(n/3) (n/4) (nIS)} %

[€(n,)B(n,.n)s(n)l =[(/n)  (1/n)] Ln/g,) (n/4) (n/s)| |>*

5

Similarly one can write that

—(n/3) —(n/3

[e(n,)B(ny,n,)s(n)=[(L/n) (L/n) @/n)]|-(n/4) —(n/4) {ﬂ
—(n/5 —(n/5)| 7

Itis then easy to derive that the sum S, =[€'(n )B(n,,n,)s(n,)] +[€(n,)B(n,,n;)s(n,)]

OPHI Working Paper 51 13 www.ophi.org.mnk
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will be expressed as

S ={(2/n)[(n/3)s; +(n/4)s, +(n/5)s;] -
—{@/n)[(n/3)(s, +5,) +(n/4)(s, +s,)+ (n/S)(s, +5s,)I}

= Spq = (1/3)(53 - Sl) + (1/ 3)(% - Sz) + (1/4)(54 - Sl) +
+(174)(s, —s,) + (1/9)(s; —5) + (1/5)(s; —5,)}

The latter expression cleatly shows that the sum S, amounts to an across groups P and ( compatison
since each of the income shares S;,S, and S, of group Q is compared with each of the income shares

S, and S, of group Pp.

Using notations introduced previously, let us call S, (§,) the average income share in income class P (
q), €, (€}, )arow vector of Ny (Ny) clements , being each equal to 1/n, (1/n,) and finally s, (s, )
a column vector with n, (n,) elements whose typical elements s, (S, ) is equal to the share of
individual 1 in the total income of income class P (Q). If we call v, and v, the population shares

n,/n and n /n of income classes P and g and W, and W, the corresponding income shares N,

and ngs,, it is easy to derive, combining (19) and (24) that the between-income classes inequality index

Bger may be expressed as

m m 25
Beer = ZZ{(Vqu)[elnp B(n,, nq)an] +(Vqu)[elﬂq B(n, np)%p]} )

p=1g-p

If we now call B, the expression [€, B(n,,n,)s,] and By, the expression [€', B(n,,n,)s, ], we

may conclude, on the basis of (25), that the between-income classes Bonferroni index Bgg is equal to
the sum of the weighted average of the between groups P and ¢ Bonferroni indices, B, and B, the
weights being equal to the product of the population and income shares of groups P and Q.

5. The decomposition of the Bonferroni index by population subgroups: the case
of overlapping subgroups

Let us now assume that there are M population subgroups whose incomes may overlap, in the sense
that if, for example, group 1 is the poorest group (the group whose average income is the lowest of all
groups) and group 2 the second poorest group, some individuals belonging to group 1 may earn more
than some individuals belonging to group 2 while some individuals belonging to group 2 may earn less
than some individuals belonging to group 1. Let the row vector € refer, as before, to the population
shares (1/n) of each individual and let S represent the vector of individual income shates S, ranked by

increasing values of these incomes.

OPHI Working Paper 51 14 www.ophi.org.mnk
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The Bonferroni index for the whole population, say, |5 ora > Will therefore be defined, as before, as

lg ora. = € BS (26)

Let us now define a vector 7 whose shares 7, are ranked first by increasing values of the average
income of the population subgroup to which the individuals belong, and within each population
subgroup by increasing individual incomes. Assume that there are M population subgroups and N,

individuals in each population subgroup h. Call Xy; the income of individual ] who belongs to

population subgroup h and 7,; the share of his/her income in the total income of the society. Finally

call Xn = ((i X))/ N,) the average income of the individuals belonging to population subgroup h and

Sy =(Xn/ Yn)lzihe average income share (in the total income of society) of the individuals belonging to

group h where X refers to the average individual income in society as a whole and n= Zm:nh to the
h-1

total number of individuals in the population. Let T be the vector of the income shares s, where the

first n, elements are all equal to s;, the next N, elements to s, , etc...
We therefore assume that

Ty <..<7, <<t Vh

and that

T,SLST, S ST.

Using the results of section 4 we may easily conclude that the product € Bt is actually equal to the sum
of the within and between-groups inequality. The overall Bonferroni index was however defined in (20)
as being equal to € BS Given that the Bonferroni matrix is by definition a linear operator, we may write

that

lg, TotaL =€Bs=(e'Br) +[(¢ BS) - (¢ Bt)] =[(€'Br) — (¢ B1)] + (€'B1) +[(€BS) — (€ B1)] = (27)

= BwTh + Bger + OV

where By, Bger @d OV measure respectively the within groups inequality, the between-groups

inequality and the degree of overlap between the income distributions of the different groups”. It should
be clear that when the distributions of the groups do not ovetlap, OV will be equal to 0.

7 A similar result was obtained when decomposing the Gini index by population subgroups (see, Silber, 1989).
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6. The Bonferroni index and relative deprivation®

Using (11) and (13) we may easily derive that

n n 28
lg =@M s{nd @/ 1)-2 @} => s{3 @ j)-3 @/} *9)

i>i j<i i= i>i j<i

We can easily interpret expression (28) in terms of relative deprivation by stating that the Bonferroni
index is equal to the income weighted average of the "net deprivation", ND(x;), of the various
individuals, where

ND(x;) =[> @/ j)-> (/i) (29)

i j<i

In other words the "net deprivation" associated with a given level of income X;, ND(X;) , is equal to the

difference between the deprivation D(X;) and the satisfaction §(X;) associated with income X;, as they
are defined below.

The deprivation felt by individual with income X; with respect to individual with income X, is given by

Uj if x <x, (30)
D(X;,Xx.) = ! !
v 0 otherwise

For a given individual T, D(X;,X,) is greater, the closer the rank of individual | with respect to that of

individual i .
The overall deprivation associated with income X;, D(X;), is then expressed as

D(x;)=>(/)) (31)

>

so that D(X;) will be higher, the poorer individual i is and the marginal increase in individual
deprivation is higher, the poorer the individual. On the other hand, the satisfaction felt by individual
with income X; with respect to individual with income X, S(X;,X;), is given by:

/i if x, > X, (32
0 otherwise

S(Xiixj):{

8 Previous interpretations of the Bonferroni index in terms of relative deprivation may be found in Chakravarty (2007) and
Barcena and Imedio (2008).
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that is, for a given income X;, S(X;,X;) is constant when the individual compares himself with those

poorer than him, and it is zero with respect to those with a higher income.

The overall satisfaction associated with income X;, Y(X;), is then written as

S(x)=> (Wi)=(@-D/i (33)

j<i
Note that this satisfaction §(X;) is higher, the richer the individual but the marginal increase in this
satisfaction is smaller, the richer the individual 9

Itis then easy to check, combining expressions (29) to (33) that the net deprivation is

ND(Xi )= D(Xi ) - S(Xi ) (34)

7. The Bonferroni index and social welfare!’

Using (11) we can also attempt to derive the social welfare function that lies behind the Bonferroni
index. Following Atkinson's (1970) concept of “equally distributed equivalent level of income” we may
define the Bonferroni index as

(35)

X
IB:].—TE

where X is the average income in the population and Xg the "equally distributed equivalent level of
income" corresponding to Bonferroni index. We then detive, combining (11) and (35), that

9 1t is interesting to notice (see, Berrebi and Silber, 1985) that the Gini index |G may be also expressed as an income

weighted sum of net satisfaction since it may be written as lg = Zn:{ ((n=i)/n)—((i —1)/ n)} but in this case the incomes
i=1

are ranked by decreasing values. The gross satisfaction of individual i is then ((n - |)/n) , that is, the proportion of

individuals earning less than individual 7, while the deprivation is expressed as ((I—2)/N), which represents the

proportion of individuals earning more than individual 7 Here also the richer an individual, the higher her gross

satisfaction, but the marginal increase remains constant. Note also that this interpretation of the Gini index in terms of

income weighted net satisfactions indicates that the poorer the individual, the higher her gross deprivation, but here again
the marginal increase in deprivation remains constant.

10 Previous interpretations of the Bonferroni index in terms of social welfare may be found in Chakravarty (2007) and
Barcena and Imedio (2008).
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xg = X(1-14) = x(1-[¢'Bs]) = X{[n(e'| 9] - [€ Bs]} (36)

where | is the identity matrix and use is made of the fact that (€'15) = (1/n).

Calling N the diagonal matrix whose diagonal elements are all equal to N, we then derive that

x® = [ Ns] —[e'Bs]} = X[ €' Hs] (37)

where H is a matrix defined as

H=N-B (38)

Using (13) we easily find out that H is expressed as

[ n -n/2 -n/3 -n/i -n/n-1) -n/n | (39)
n/2 n -n/3 -n/i -n/(n-) -n/n
n/3 n -n/i -n/(n-) -n/n
He -n/(n-) -n/n
n/i n/i n/i n -n/(n-) -n/n
n/(n-1) n/(n-1) n/(n-J n/(n-1) n -n/n
| n/n n/n n/n n/n n/n n |

Remembering that the typical element S; of the vector S is equal to (X; /nNX) , we then conclude that

xg = (L/n)[e HX] (40)

where X is the vector of the actual incomes x; ranked by increasing values.

Combining (39) and (40) we then conclude that X may be expressed as

Xg = €'Kx (41)
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where K is a matrix defined as

1 -1/2 -1/3 =1/i -1/(n-) -1Un | (42
1/2 1 -1/3 =1/i -1/n-1) -lUn
1/3 1 =1/i -1/n-1) -lUn
K < -1/(n-1) -1/n
/i /i /i 1 -1/n-1) -lUn
1Un-1) 1Un-1) V(-] 1/(n-1) 1 -1/n
. 1/n 1/n 1/n 1/n 1/n 1

Combining (41) and (42) we derive that

n n n n 43
Xe = (1/n)Z>§{[Z(—1/i)]+[1]+[Z(1/ D =2 @/ MY (1) +1+ > @ i)} )

j<i i>i i= j<i i>i

n n 44
& X = 3 X (WX (Pl +n- 3 (/i) 4

j>i <

It is easy to obsetve that the sum of the weights in (43) is equal to (1/N) times the sum of the elements
of the matrix K. Since the sum of the elements of this matrix K, is equal to N, the sum of the weights
in (44) is equal to 1.

8. A Generalization

Let us assume a population of N individuals. We now extend expression (13) and define a "generalized
Bonferroni matrix" D asa N by N square matrix whose typical element d; is equal to 0 if i= ], to

(n/ J)* when j>i(with 0<a <1)andto —((N/i)*) when i > j,with 0 <o <1.Ttis easy to observe
that when o =1 the matrix D is identical to the Bonferroni B -matrix defined and used previously. On
the other hand when a =0, the matrix D is identical to the G -matrix which is used to compute the
Gini-index (see, Silber, 1989). We may therefore define a generalized Bonferroni index By as

Beey = € Ds (45)

Similarly expression (44) may now be generalized and written as

S xS = X (WY ()" +n-Y (/i) ]} (46)

j>i j<i
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But expression (46) may be also written as

(47)

with

. . (48)
wo=@/n?) D a (n/j)* +n+> a (n/i)*

> j<i

where a; =-1if 1<j<i, and g, =1if j>Ii

Note that when a =1, we obtain the "equally distributed equivalent level of income" cotresponding to
the Bonferroni index given in (44).

When « =0, since (n/j)°=1and (n/i)° =1, we obtain the "equally distributed equivalent level of
income" corresponding to the Gini index since such a case (46) may be expressed as

XS = (UN)Y X [(n-1)+n-(-1] = Wn*) Y x, (20 -2i+1) “

which corresponds to the "equally distributed equivalent level of income " of the Gini index (see,
Donaldson and Weymark, 1980)"".

Note also that if in (48) a =0 and a; =0 V|, Vi, W =(1/n) Vi, so that xEN B =X and there is no
inequality (the "utilitarian" approach).

Finally, when a=0, if in (48) a; =1Vjfor all i#1 while a;=nVj, we wil have
w, = (1/n*)(n+n(n-1)) = (n*/n?) = land W =(2n-1)/n’*for i #1. It is easy to observe that when
n—o, W — 0 for i #1 while W; =1. In such a limit case the "equally distributed equivalent level of

income" becomes equal to the income of the poorest individual and we have the Rawlsian case.

11 Obviously if we had ranked the incomes by decreasing values expression (49) would have become

xEGEN’B =1/ nz)zn: x(2n-2(n-i+1)+1) =1/ nz)zn: X (2i —1) which is expression (11) in Donaldson and Weymark
i=1 i=1

(1980).
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9. An Empirical Illustration

The empirical investigation is based on the European Union Statistics on Income and Living Conditions
(EU-SILC) data set for the 2008 wave. We focus on disposable income in Spain and Sweden. These are
two quite different countries since Spain is characterized by a higher degree of inequality in disposable
income and a smaller level of state intervention as far as welfare policy is concerned (see Brandolini and
Smeeding 2008).

Decomposition of inequality by income sources

Disposable money income includes net income from work, other private income not related to work,
pensions and other social transfers. Net money income includes all income sources received by the
household and by each of its current members in the year preceding the survey. Social insurance
contributions, pay-as-you-earn taxes and non-money income that may be received by the household are
not included in this definition of income.

Since a given level of household income will correspond to a different standard of living depending on
the size and composition of the household, we adjust for these differences using the modified-OECD
equivalence scale!? %,

The decomposition of the Bonferroni inequality index by income sources will be based on five income
sources:

1. Old-age and survivor's benefits (oldbenefits),

2. Benefits other than old-age and survivor's benefits (otherbenefits),

3. Income from rental of a property or land (property),

4. Interest, dividends, profit from capital investments in unincorporated business (interest),

5. Income available before including sources 1 to 4 (incomebefore)

As mentioned previously we compare results based on the Spanish and Swedish data. It turns out that
inequality, measured via the Bonferroni index, is higher in Spain (0.42) than in Sweden (0.33). Table 1
shows the share of each income source in total income. In both countries “incomebefore” represents the
largest share in total income (77% in Sweden and almost 81% in Spain). As a whole, benefits have
similar shares in total income in both countries, but the share of old age benefits (“oldbenefits”) is
substantially higher in Spain. Column 3 in Table 1 gives the degree of inequality of the distribution of the
various income sources. In Spain there is more inequality in the distribution of “otherbenefits” and
“incomebefore” than in Sweden. The greatest difference in inequality concerns “oldbenefits” since for
this source the Bonferroni index is equal to 0.59 in Sweden and to only 0.30 in Spain. But, as stressed

12 For a survey of equivalence scales and related income distribution issues, and some compatisons of scale relativities, see
Coulter et al. (1992).

13This scale attaches a value of 1 to the first adult member of the household, 0.5 to the remaining adult members and 0.3 to
each member under 14 years of age.
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previously, the degree of inequality of the distribution of a given income source does not represent its
contribution to overall inequality. The contribution of a given income source to total inequality, as
shown in (15), is equal to the product of the share of this source in total income, the Bonferroni index
for this source and the "Bonferroni correlation coefficient” for this same source. The contributions of
the various income sources are given in column 5 of Table 1.

Table 1: Decomposition of the Bonferroni index by income source in Sweden and Spain

Inequality

(Bonferroni)

in each Share in
Share in income Bonferroni total

total income source correlation  inequality
Spain
oldbenefits 12.1% 0.300 0.680 6.0%
otherbenefits 4.9% 0.310 0.405 1.5%
property 1.5% 0.708 0.782 2.0%
interest 0.8% 0.656 0.868 1.1%
incomebefore 80.6% 0.458 0.997 89.4%
Sweden
oldbenefits 4.3% 0.587 0.882 6.9%
otherbenefits 14.7% 0.254 -0.470 -5.4%
property 0.1% 0.823 0.511 0.1%
interest 3.5% 0.738 0.945 7.5%
incomebefore 77.4% 0.383 0.998 91.0%

Source: EU-SILC 2008
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The components whose contribution to total inequality is higher than their share in total income can be
considered as "inequality increasing". This is thus the case for “property”, “interest” and
“incomebefore” in Spain and Sweden, and also “oldbenefits” in Sweden. We may therefore conclude
that in Spain benefits have an equalizing impact while this is true only for “otherbenefits” in Sweden. We
may also observe that “otherbenefits” in Sweden have a negative Bonferroni correlation coefficient. This
clearly implies that in this country “otherbenefits” are mainly received by low income households.

Decomposition of inequality by income classes

Here we divided the income distribution into five non-overlapping income classes (quintiles) and looked
at the data of three countries: Spain, Sweden and Austria.

Table 2: Decomposition of the Bonferroni index by income classes in Sweden and

Spain
Spain Sweden Austria
BY 0.0250 0.0209 0.0229
pgresdua w 0.0185 0.0214 0.0157
Beer 0.3684 0.2829 0.3108
B 0.4119 0.3253 0.3494

Source: EU-SILC 2008

We observe that in all three countries the between-classes Bonferroni index is higher than the within-
classes index (see Table 2). Sweden and Austria show less inequality than Spain, for both between and
within- income classes inequality. When we compare Austria and Sweden we observe that the former has
less within-classes inequality than Sweden, but more between-income inequality.

Decomposition of inequality in the case of overlapping groups

The decomposition of the Bonferroni index by overlapping subgroups is illustrated by classifying
incomes in Portugal by degree of urbanization of the area where the individuals live. We consider three
degrees of urbanization: densely populated area, intermediate area and thinly populated area.

In this case the results for Portugal are:

I B, TOTAL — €Bs=1 B.TOTAL — [(eI BT) - (eI BE)] + (eI BE) + [(eI BS) - (eI BT)] =
= By + Bger + OV =0.1748 +0.0966 + 0.1832 =0.2714+ 0.1832= 0.4546

We observe that inequality between individuals living in areas of different degree of urbanization is
smaller than inequality within areas with the same degree of urbanization. Inequality between groups
accounts for 21.3% of total inequality while inequality within groups accounts for 38.5% and the
overlapping component for 40.3%. In this case the overlapping component is the main component of
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inequality. This obviously implies that in poorer areas there are still individuals with an income which is
higher than some of the incomes in richer areas and, conversely, in richer areas there are individuals with
an income smaller than some of the incomes in poorer areas. Given the relative size of this overlapping
component, we can easily conclude that such a feature is often observed.

9. Concluding comments

This paper proposed a simple algorithm to compute the Bonferroni index of income inequality, using
what we have called the “Bonferroni matrix”. More precisely we have suggested defining the Bonferroni
index as the product of three elements, namely a row vector representing the individual population
shares, the Bonferroni matrix, and a column vector representing the individual income shares, the
individuals being ranked by increasing incomes.

Such an algorithm greatly simplifies the decomposition of the Bonferroni index by income sources,
income classes or population subgroups. The paper also offers a new interpretation of the Bonferroni
index in terms of relative deprivation as well as a new formulation of the Bonferroni-related welfare
function. In addition, the paper gives a generalization of the Bonferroni index of which the traditional
Bonferroni and Gini indices are special cases. The paper ends by a short empirical illustration, based on
EU-SILC data for the year 2008. This empirical analysis proves the usefulness of the computation
techniques proposed in this paper.
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11. Appendix: The exact formulation of the cotrection factor C,

Assume that the first observation of group p is actually the '™ observation in the whole population.
Then the numerator of C, may be expressed as

[e;pB(npi p)sn ] -

0 n/(r+2) n/(r+3) ... n/(r+i) n/(r+np)_
-n/(r+2) 0 n/(r+3) n/(r+i) n/(r+n,) [ -
-n/r+3) -n/(r+3) 0 n/(r+i) n/(r+n,) Slp
—[1/n 1/n] 0 n/(r+n,) % B
L —n/(r+i) —-n/(r+i) —n/{r+i) -
° 3
_—n/(r+np) -n/(r+n,) —-n/(r+n) —-n/(r+n,) 0
-1 -1 -1 1 -1 -1 1 -1 -1
=(— ot P+ + ot P+ (—(-D+ + +..
(p)[(r+2 r+3 an)S_L (r+2 r+3 r+np)Sz (r+i( ) r+i+1 r+i+2
-1 ., 1
——)s"+ n,-1)s’
s (- 0s))
whereas the denominator of C, may be written as
[ellwanpSnp]:
) n,/2 n,/3 .. n/+i n,/n, |
-n,/2 0 n,/3 n,/+i n,/n, _Sf_
-n,/3 -n,/3 0 n,/+i n,/n, o
—[]Jn Un 0 n,/n, B
P Pl -n i —nli —nli
° g
—n/n -n,/n, —-n,/n, -n,/n, 0
~( P)[( V- ])s T +—)s2+ e R ])s bt (0, -5 )
i+1 i+

P
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