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Abstract

This paper presents an intuitive approach for comparing opportunity sets in terms of the extent of the
freedom they offer. The decision maker faces a range of scenarios, here modeled as a collection of
possible preference orderings over alternatives. One set is said to have greater effective freedom if, for
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The properties of the effective freedom ranking are explored and various full and partial representations
are presented. A key example is provided that shows how the effective freedom relation can rank sets
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intrinsic value.
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Notes on Effective Freedom

i. Notation (follows Sen, 1991). Let X be the finite set of
alternatives. BAn ogpportunity set or menu is any nonempty subset of X,
dencted by A, B, ¢, etc., The set of all menus is ¥ = 2% ¢. The main
guestion we are addressing ls: When does A have greater freedom than B?
In other words, we are in search of a binary ranking R* over Y. There
is no presumptioﬁ that R* must be able to rank any two menus. However,
we_will typically expect R* to satisfy AR*A for all AeY, while AR*C
should always follow AR*B and BR*C. Thus, R* will be a guasi~ordering:

reflexive and transitive but not necessarily complete.

2. The key to our approach is a set R of conceivable (allowable)
individual preference orderings on X. Bach Rel is assumed to be able to
rank any two alternatives in X; each R is a complete ordering. The
number of elements of M is not specified. N may contain only a single
ordering R; or § could be the set of all logically possible orderings

over X.

An individual with ordering R can judge a menu according to its
best element or elements. If so, then R can be extended from X to Y as
follows

ARB iff maxph R maxpB,
where maxgh is any best element of A. This is what Bossert, Pattanaik
and Xu call the "indirect utility" approach to extending an ordering.

Our notion of effective freedom is based on the following definition.
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Definition. One menu A has as much effective freedom as another menu B,

written AR¥B, whenever each of the allowable preference orderings in %
considers A to be as preferable as B. In other words,

AR*B iff ARB for all ReWt.
Clearly AI*B whenever all preference orderings congider A to be
indifferent to B. Also, AP*B if all find A to be as good as B, and at
least one considers A to be strictly preferred to B. The menus A and B
cannot be compared using R*% if at least one ordering in R (strictly)
prefers A to B and another (strictly) prefers B to A. In particular,
over singleton gsets R* is the standard unanimity ranking so that
{x}R*{y} holds when all agree that xRy; and {x} is incomparable to {y}

if at least two orderings (strictly) disagree.

3. Properties. R* is an example of what might be called a unanimity
{or intersection) ranking. As such, we know that it is a guasi-ordering
and that it can be represented by a vector-valued function. Other
properties include:

A. AZ2B implies AR*B

B. [AR*B and CR*D] implies (AUC)R*(BUD).

C. AR¥*B implies (AUB)I*A

D. If A and B are noncomparable under R*, then (AUB)P*A.

A. If ADE, then maxph R maxpB for each Rel and so AR*B.
B. Let a be a best element of A, let ¢ be a best element of ¢C,
and let x be a best element of AUCaccording to R. Pick any

yeBUD. If yeB then xRa and aRy so that xRy by transitivity.



If yeD then xRc and cRy so that xRy again by transitivity.
Hence for any given R we have maxp{AUC) R maxg(BUD}, and so
(AUC)R* (BUD).
c. Applying property B to AR*B and AR*A yields AR*(AUB).
Property A implies (AUB) R¥*A.

D. Property A yields (AUB)R*B, hence (AUB)RB for all ReR. By
the noncomparability of A and B there is some ReR such that
BPA. By transitivity, (AUB)PA, and hence (AUB) P*A by the
definition of P*.

Property A is called "weak set dominance" by Sen (1991). It
requires that more choices lead to a higher (or the same) level of
freedom. Property B might be called "composition"” after Sen (1991). It
saye that ranking R* is preserved under union. Property C points out
the irrelevance of adding dominated alternatives. It is motivated by
Kreps, p. 568. In words, if one menu has more (or the same level of)
effective freedom than another, then it (the former menu) has the same
level of freedom as the union of the two. (Actually, the converse is
also true: if adding a set of eléments results in an unchanged level of
freedom, then the original menu must have had more (or the same level
of) effective freedom than the collection of added elements)}. Property
D points out the advantage of adding noncomparable menus. If A and B
are unranked by R*, then combining the two menus results in a new
opportunity set with strictly more freedom than either A or B alone.
When the preference orderings cannot agree whether A or B is more

desirable, they unambiguously rank AUBabove either of the two; but when



they all agree that A is as good as B, then adding B to A yields no

improvement in effective freedom.

4. completenesgs of R*. In general, the guasi-ordering R* is
inconmplete, with the amount of incomparability depending on the extent
to which preferences in R agree. For example, if W contains only a
single ordering R, then R* is simply the extension of R to ¥ and hence
it is complete. At the other extreme, where I contains all logically
possible orderings on X, the only menus that can be compared are ones
related by set inclusion. For if A contains an alternative x not in B,
and B containg an alternative y not in A, then at least one ordering in
N strictly prefers x to every point in B while another ordering strictly
prefers y to A. Hence A and B are noncomparable according to R¥, and
so: AZBiff AR*B. This example exhibits the largest degree of
incompleteness allowed by Property A.

An intermediate example shows the potential utility of the
effective freedom approach. Let ¢ = {g,t,w} and D = {b,a,d} where every
alternative in C is regarded by each Rel as being strictly preferred to
every alternative in D. The relative rankings of g, t, w are assumed to
vary across the orderings in R, as do the rankings of b, a, d. It may
help to think of the altermnatives in C as "great,"” "terrific," and
"wonderful"” and the alternatives in D as "bad," "awful,” and "dismal,"
as in Sen (1990). The resulting R* goes beyond set inclusion in the
following ways: (1) If A has an alternative from €, and B doesn’t, then
AR¥*B. (2) If both have alternatives from C and ANC =2 BNC, then AR*B.

In particular, the menus C and D themselves are comparable, and are

ranked CP*D as one would expect.



One final example will show that R* can make useful comparisons
even when preferences in % utterly disagree over X. Let X be a finite
get in the cartesian plane and let W contain two orderings: Ry
represented by uq{x) = xq1-Xp; and Ry represented by uy(x} = X—-xq.
Clearly Rq regards x to be preferred to y exactly when y is preferred to
x according to Ry. 8o if ¥ = {w,x,y,2} as depicted below, the two
orderings on X never agree: Rq ranks the elements of X as wPixP1yPqz
while Ry ranks the alternatives zPpyPpxPpw. The unanimity ranking over
elements of ¥ is empty. However, the unanimity ranking R* over subsets
of X goes beyond simple set inclusion. For instance, {w,z} P* {x,v},
gince according to Ry both x and y are strictly dominated by w, while z
is preferred to x and y under Rp;. Moreover, since singleton sets are
noncomparable, any two—alternative menu has greater effective freedom

than either singleton submenu.

5. Repregsentation of R*, We have seen how adding alternatives to a

given menu may well leave effective freedom unchanged; in other words, a
set A and a larger set B may satisfy AI*B. Indeed, a menu that is
indifferent to A under R* may be a superset of A, a subset of A, or
neither. However, there is one special indifferent menu that will play
an important role in describing R*. Let DB{A} = Upg«gB. D(A) might be
called the "free disposal” set of A since it includes all points from
sets weakly dominated by A under R*. Thisg set has the following useful

properties.



Regult For any A,BeY,
(1) AI*D(A)

(ii}) AR*B iff D(A} 22 D(B).

Proof

(i) Note that D(A)=2Aso that D{A) R*A by Property A. Conversely,
consider any two sets B and B’ for which AR*B and AR*B’., Property B
yields AR*(BUB'). Noting that D(A) is just the finite union of sets B
for which AR*B, we obtain AR*D(A) by repeated application of Property B.
Thusg AI*D(A).

(ii) Suppose that AR*B. By transitivity of R*, any C for which
BR*C must also satisfy AR¥C. Hence‘UmwcC 2 Uggsg which gives us
D(A) 2D(B). Conversely, suppose that D(A} = D(B). Then by Property A
we have D(A}R*D(B}, and thus by (i) and transitivity ARYB.

Result (i) implies that D(A) is the largest set indifferent to A
under R*. When choosing from A, it is "as if" one were choosing from
D(A). Consequently, D(A) might also be called the effective opportunity
get associated with A. Result (ii) indicates the crucial role effective
opportunity sets play in determining when R* applies. To check whether
A is comparable with B, one simply checks whether D(A) and D(B) are
related under set inclusion. If not, then A and B cannot be compared.
If so, then AR*B or BR*A accordingly as D{(A) =2D(B) or D{A) S D(B).
Thus, in an intuitive sense, D{-) may be said to "represent” the quasi-

ordering R¥*.

6. Vector Representation of R*¥. Economists find it more natural to

represent orderings by "utility functions." Since R* ie only & quasi-



ordering, either the definition of representation or the comparison
space must be altered to accommodate potential incompleteness. We
choose the latter. A vector valued function u: ¥ - RD ig said to

vector~repregent R* if

AR*B Lff u(A) > u(B),
where ">" is vector dominance in R". It turns out that R* has a very
gsimple vector-representation. Let n be the number of elements in X.
Enumerate the elements of X from 1 to n. Define u: ¥ - R" by uj(A) = 0
if the ith element of X is not in D{A), and uj{A) = 1 if the ith element

ig in D(A). The following result is immediate.

Result. The function u(') vector-represents the quasi-ordering R¥.

Proof. Clearly u{A) > u(B) iff D(A) 2 D(B). From Result (ii), then,

u(d) > u(B) iff AR*B.

Note. The dimension of u is n, which is significantly esmaller than 27,
the dimension of ¥. In some casés one may be able to find a vector-
representation with even fewer dimensions. For example, if % has a
single element, then R* is complete and therefore one can find a real-
valued function to represent R*¥, A common way to do this is to first
define f(x) as the number of elements in the lower contour set of x, and
then extend £ to ¥ by letting £(A} be the number of elements in the
lower contour set of a best element of A. Interestingly, £{(A) is then
Just #D(A)}, the number of elements in the effective opportunity set
D(RA}, or £{A} = Lju;(A). We will return to this "counting

representation” below.



7. Conjecture. If R® is a quasi-ordering satisfying Properties A and
B, then there exists a collection % of complete orderings such that R®

is the R* associated with R.

Note. Perhaps this will be proved along the lines of Kreps who assumed

a complete ordering.

8. Counting Representation. If R* is incomplete, the counting
representation f{A), which assigns A the number #D{A), is not a full-
blown representation of R*. 1In fact, f only partially represents R* in
the sense that

AI*B implies £(A) = £(B)
and

AP*B implies f£(A) > f(B).
The converse implications dc not hold.

The counting representation induces a complete ordering, say ®* on

Y, which extends R* in a natural way. If two menus A and B cannot be
directly ranked via R¥*, simply count up the number of alternatives in
the effective opportunity sets D{A) and D(B). ‘The set with the greater
number of elements in its effective opportunity set is ranked higher
according to Rf. As noted before, if R* is complete then R* = rRE,  1f
R* is incomplete, than rR* is one possible way of extending R* to a

complete ordering.

9. An Interpretation of Pattanaik and Xu. The criterion obtained by
Pattanaik and Xu (1990) ranks sets according to the number of
alternatives they contain. The underlying idea appears to be that more

choice, regardless of the guality of the additional alternatives, means



greater freedom. This would seem to fundamentally contradict the
"effective freedom" approach which carefully screens out ineffective
alternatives before making judgments. Yet our framework also admits the
ordering obtained by Pattanaik and Xu (1990}, so long as we make the
following assumptions: (1) W is the set of all logically possible
orderings on X, and (2) R* is extended to R* using the counting
representati&n. In the special case where R is unrestricted, the
resulting ordering R* ig set inclusion and the effective opportunity set
of A is A itself. If, on top of this assumption, we juaga a menu by the
number of elements in its effective opportunity set, we obtain the
Pattanaik and Xu ordering R¥.

The counting repfesentation is an arbitrary, but not terribly
objectionable, method of extending R* to a complete ordering. However,
the assumption of perfect ignorance about preferences is problematic
and, indeed, is lurking behind the many criticisms of Pattanaik and Xu‘s

result.
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