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Econometrica, Vol. 50, No. 1 (January, 1982) 

INEQUALITY DECOMPOSITION BY FACTOR COMPONENTS' 

BY A. F. SHORROCKS 

This paper disaggregates the income of individuals or households into different factor 
components, such as earnings, investment income, and transfer payments, and considers 
how to assess the contributions of these sources to total income inequality. In the approach 
adopted, a number of basic principles of decomposition are proposed and their implica- 
tions for the assignment of component contributions are examined. 

1. INTRODUCTION 

JUDGEMENTS ABOUT THE IMPORTANCE of various influences on income inequality 
have a long history. Over the years it has become increasingly common to relate 
these judgments to summary indices of inequality, and to attempt to decompose 
the aggregate inequality value into the relevant component contributions. 

The issues to which this kind of analysis has been applied fall into two broad 
categories. The first category covers those cases where we are interested in the 
influence of population subgroups, such as those defined by age, sex, or race. 
Disaggregating inequality by population subgroups raises questions concerning 
the appropriate decomposition rule and the constraints placed on the choice of 
inequality measures. These questions have been the subject of a series of recent 
papers (Bourguignon [4], Shorrocks [12], Cowell [5], Blackorby et al. [2], Cowell 
and Shorrocks [6]). 

The second category of applications covers situations in which different 
components of total income are examined. For instance, we may wish to assess 
the contribution of earnings inequality to that of total income. A number of 
studies have considered the disaggregation of income into different factor com- 
ponents and proposed methods for decomposing the overall inequality value into 
the corresponding component contributions (Rao [11], Fei et al. [7], Fields [8], 
Layard and Zabalza [9], Pyatt et al. [10]). The decomposition rules used in these 
studies are essentially ad hoc suggestions that have simple functional representa- 
tions. This paper examines from a more fundamental viewpoint the problem of 
identifying the contribution to inequality of any given component of income. 

We begin in Section 2 with an introductory discussion of the issues involved in 
factor decompositions. Section 3 proposes a number of general principles that we 
might wish to be satisfied by any decomposition rule, and investigates the 
constraints these place on the contribution assigned to any given factor. The 
implications of weakening one of the principles (the requirement that the factor 
contributions sum to the amount of total inequality that needs to be "explained") 

'This study was undertaken in connection with a project on income dynamics and income 
distribution financed by the SSRC. An earlier version of this paper was presented at the Econometric 
Society World Congress in Aix-en-Provence, and at seminars at Newcastle and Warwick Universities. 
I am indebted to participants at these seminars and also to Brian Nolan. Comments from two referees 
prompted major improvements in the exposition. 
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194 A. F. SHORROCKS 

are considered in Section 4. Section 5 summarizes the main results and adds a 
few concluding remarks. 

2. PRELIMINARY DISCUSSION 

Some of the underlying issues are readily appreciated if we consider inequality 
decomposition by factors using the variance as a measure of inequality, a 
convenient benchmark in this type of problem. Let yik denote the income of 
individual i(i = 1, . .. , n) from source k(k = 1, . .. , K) and let Y= (Y1 
Yn) = Sk yk represent the distribution of total incomes. Then 

(1) J2(y) = 2(yk)+ E EPjka(Yj )a( Y) 
k j]7k k 

where Pik is the correlation coefficient between Y' and yk. If the different types 
of income are uncorrelated, (1) becomes 

(2) a2(y) = E 2(yk) 
k 

and the obvious decomposition assigns a2( yk) as the contribution of factor k. 
If Pjk 7# 0 for some j# k, we have to deal in some way with the interaction 

effects between the different factors. One approach would be to introduce 
separate categories for each of the interaction terms, but this solution raises two 
further problems: the analysis becomes complicated when even moderate num- 
bers of component factors are distinguished (for example, 10 factors require 55 
separate contributions to be specified); and it is not clear how the method of 
decomposition can be extended to other measures of inequality (apart from those 
directly related to the variance, such as the coefficient of variation). In this paper 
we consider decompositions that consist simply of one term corresponding to 
each source of income. This keeps the number of separate contributions within 
reasonable limits and allows all inequality measures to be decomposed in some 
fashion. However, as in the variance example above, we will need to determine 
how the interaction effects should be allocated between the individual factor 
contributions. As will become apparent, the "natural" decomposition of the 
variance assigns to factor k half the value of all the interaction terms involving 
this factor. The contribution of factor k then becomes 
(3) Sk (&2) = CJ2(yk ) + PjkU( Yj )Cf(yk )(=cov(Y, Y) 

and the sum of these contributions over the K types of income gives the 
aggregate inequality value. We will also find it useful to define sk*(I) as the 
proportion of total inequality contributed by factor k when the inequality measure 
is I. So the proportional contributions in the "natural" decomposition of the 
variance are given by 

(4) Sk*(CT2) 
Sk (a ) = (y' Y) 

and these sum to unity. 
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The variance is rarely used as a measure of inequality, primarily because it is 
not mean independent (i.e. not invariant to proportional changes in all incomes). 
However, the same considerations apply to the square of the coefficient of 
variation, I2( Y), which is both mean independent and extensively used.2 If 
Pjk = 0 for all j, k, we have 

2( y) _ 2(y k 

(5) I2(-Y) 2 2 

where I is the mean of Y. So a2( yk)/12 is the obvious choice as the contribution 
of factor k. When the different types of income are correlated, the interaction 
terms can be allocated in the same way as for the variance and we obtain the 
"natural" decomposition of I2 

(6) Sk* (2) =COV(y y) 
it2( Y) 

Notice that the proportion of total inequality contributed by factor k is now 

(7) Sk/ (12) = Sk (I2) COV(yk Y) 
12( Y) a 2( y) 

exactly the same as the proportional contributions derived in equation (4) for the 
variance. So when we later refer to "the proportional contributions in the natural 
decomposition of the variance" this is equivalent to (and marginally shorter 
than) "the proportional contributions in the natural decomposition of the square 
of the coefficient of variation." 

Another useful primary is to outline the decomposition by factor components 
that has been proposed for the Gini coefficient (see Fei et al. [7, pp. 43-461). The 
Gini index can be written 

(8) 2 ( 2 ) 

when individuals are indexed by their income rank, so that Y1 Y2 . Yn 
From (8) we obtain 

(9 (Y) = 21 Z i E Yik= kf(yk) 

where Ptk is the mean of yk and 

(10) G(Yk) 2 = (i + yi 
nlI1Lk i 2 

2The notation 12 is used because this index is a member of the Generalized Entropy family I, 
given later in equation (19). 
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is known as the pseudo-Gini for factor k. It is not the conventional Gini value 
G( yk) since the weights attached to yik correspond to the rank of individual i in 
the distribution Y, which in general is not the same as his rank in the distribution 
yk. Equation (9) provides a consistent decomposition of the Gini if the contribu- 
tion of factor k is defined to be 

(11l) S (G )=i G ( Yk)A= 2 E (i_n+l)yk 

Notice that no interaction terms appear in this decomposition. Any such effects 
have already been implicitly allocated among the component contributions. This 
suggests that there may be other potential decompositions. It turns out that 
equation (11) produces the "natural" decomposition rule for the Gini, but 
alternative methods are available and may be regarded as more attractive. 

To investigate the possibility of decomposition rules other than those described 
above, it is necessary to examine the decomposition problem from a more 
fundamental viewpoint. This is done in the following section, by specifying 
general restrictions that might reasonably be imposed on potential decomposition 
methods. 

3. PRINCIPLES OF DECOMPOSITION BY FACTOR COMPONENTS 

We begin by assuming that inequality is measured by a function I( Y) 
satisfying the following assumption. 

ASSUMPTION 1: (a) I(Y) is continuous and symmetric; (b) I(Y) = 0 if and 
only if Y= ue, where e = (1,1, I ... , 1). 

If K disjoint and exhaustive components of income are identified, the contri- 
bution of factor k to total income inequality can be represented by Sk( Yi,.... 

yK; K) where yk is the distribution vector for factor k. These contributions are 
taken to be continuous functions. We also presume that the different factors are 
treated symmetrically, so no significance is attached to how they are numbered. 

ASSUMPTION 2: (a) (Continuity) Sk( Y', ..., yK; K) is continuous in yk; (b) 
(Symmetric Treatment of Factors) 

Sk(Y', . . , YK ;K) = Sk ( Y,', * * y7TK; K) 

if 7, ... , 7K is any permutation of 1, ... , K. 

Another reasonable assumption is that the contribution of any one factor 
should not depend on how many other types of income are distinguished. 
Otherwise the contribution of earnings might change if capital income was 
subdivided into rent, interest, and dividends; or if transfer payments were split 
into pensions, unemployment benefits, and so on. Applying this principle to the 
first factor implies that we need consider only the 2-way partition of Y into Y' 
and Y - Y1. Thus we have the following assumption. 
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ASSUMPTION 3 (Independence of the Level of Disaggregation): 

S1(yl'..., yK;K) = SI(Y', Y- Y';2) = S(Y', Y) 

and because the factors are treated symmetrically 

(12) Sk( Y,I.. .9 yK;K) =S(yk y) 

where S( yk, y) is continuous by Assumption 2. 

For the last of our initial assumptions we require the decomposition to be 
consistent, in the sense that the contributions sum to the overall amount of 
inequality. 

ASSUMPTION 4 (Consistent Decomposition): 

Is,(Yl, 9.. ., yK ;K) = S( ykg y) =Iy_ 
k k 

At the very least this is a highly desirable property, satisfied in the three cases 
considered in Section 2 (i.e. the decomposition corresponding to equations (3), 
(6), and (11)). However it is possible to preserve the essence of all our results 
when Assumption 4 is replaced by a weaker consistency condition. In order not 
to introduce unnecessary complications at this stage, discussion of this issue is 
postponed until Section 4. 

THEOREM 1: Assumptions 2, 3, and 4 imply 

(13) S(yk, Y) = a(Y) yk = a( y) Y. 

where 

(14) I( Y) = a( Y) Y= EaJY) Yl 

PROOF: By Assumption 4 we have 

K K 

I(y) = E S(yk, y) = S(yl + y2, y) + E S(Yk, Y) 
k=1 k=3 

if factors 1,2 are first considered separately and then combined into a single 
factor. Thus 

S(Yl + y2, y) = S(yl, Y) + S(y2, y) 

which, for any given Y, is a Cauchy equation whose solution (Aczel [1, Theorem 
1, p. 215]) is 

S ( Yk, Y) = a yk = > aiyk 
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Since a may depend on the choice of Y we obtain (13) and 

I(Y) = ES(Yk, Y) = a * E yk=a. Y. Q.E.D. 
k k 

At first sight Theorem 1 appears to provide a remarkably strong result. It 
suggests that when an inequality index is written as a weighted sum of incomes, 
the decomposition contribution of factor k is the same weighted sum applied to 
factor k incomes. Thus a comparison of equations (8) and (14) suggests that for 
the Gini index 

(15) ai(Y) = 2(i_ n+ 1 /n2 

if incomes are ordered so that Y, _ Y2 ' Y . Therefore 

(16) S(yk, y) = 2 (i 
_ )y= -G 6(Yk) 

where the pseudo-Gini value is defined in (10). This is exactly the factor 
contribution given by Sk*(G) in equation (11). Similarly, the variance 

a2( y) = I 
E (y Y-)Yi 

n 

suggests use of the coefficients 

(17) ai(Y) = I ( Y,-) n 

and the contribution of factor k becomes the "pseudo-variance" 

(18) S(Y, Y) = (Yi _)Yk = cov(Yk, Y) = Sk*() 

as obtained in equation (3). 
The same procedure can be applied directly to all inequality measures conven- 

tionally written in the quasi-separable form of equation (14). This covers all 
members of the Generalized Entropy family of indices: 

nc (c -l) A( ) 701 

y. y. (19) Il - 1 E-log- 

n i !L ! 
Io = log?y 

which includes the square of the coefficient of variation ('2) as well as the Theil 
coefficient (II). In the latter case, for example, the form of the index I, suggests 
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using the weights 

(20) ai(Y) = 1 log(Yi/it) 

and the "pseudo-Theil" value gives the factor contributions 

(21) S(yk, Y) - I Elog(Yi/)Yk= S*(II)* 

Equations (16), (18), and (21) may provide the "natural" factor decomposi- 
tions for the three indices, but they are not the only possibilities, because (14) 
does not determine the coefficients ai(Y) uniquely. In fact the set of coefficients 
satisfying (14) form a large set, since the equation imposes just one restriction on 
the n coefficients. As a consequence the corresponding set of factor decomposi- 
tions is also large. 

To characterize the set of possible decompositions in a convenient way, 
consider the equations 

(22) Zibi(Y)Yi=0, 

(23) Zibi( Y) 0. 

For any given Y #0 equations (22), (23) define a vector space of dimension 
n - 2, for which we can choose a basis j3 .1... I On-2* Since this basis will 
depend on the distribution Y, the general solution of (22), (23) is 

n-2 

(24) b(Y)= > yj(Y)f3(Y) 
j=1 

where the yj( Y) are arbitrary scalar functions of Y and the Pj( Y) can be chosen 
to be continuous in Y. Equation (22) alone defines a vector space of dimension 
n - 1. By adding the additional base vector On -I( Y) to those already con- 
structed, the general solution of (22) can be expressed as 

n-I 

(25) b(Y)= > yj(Y)132(Y). 
J=1 

Now consider equation (14). For any given Y # 0 this is a single linear 
restriction on n variables, and the solution can be written 

n-I 

a(Y)= a(Y)+ b(Y)= a(Y)+ E>yj(Y)13(Y) 

where a(Y) is any particular solution and b(Y) satisfies the homogeneous 
equation (22). Substitution into (13) gives 

n-I 

S(yk, y)-0(Y) yk + 
Y 

y1(y)3(Y)* yk 
j=1 
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where continuity of S(.) ensures continuity of yj(.). Choosing the particular 
solution 

(26) a(Y)= 1(Y)Y tMe) 

and setting Xj(Y) = yj(Y)/I(Y), we obtain the following corollary. 

COROLLARY 1: If Y =# ,e, Assumptions 1-4 imply 

(27) S(Yk, Y) COV(yk, Y) +Yk 
n-I 

3(Y)}I(Y) 

where the Xj( Y) are arbitrary continuous scalar functions, and f31( Y), ... 

n -( Y) are linearly independent solutions of (22) and continuous functions of Y. 

Equation (27) implies that there exists a factor decomposition rule correspond- 
ing to each selection of the arbitrary functions XM(Y). The set of possible options 
is therefore large and expands with the number of individuals in the population. 
A second, more important, implication of (27) concerns the proportional contribu- 
tion of factor k when inequality is measured by I(.). Denoting this by sk(I) 
= S( yk, Y)/I( Y), we have from (27) 

n-I 

(28) Sk(I) = Sk* () + Yk * X1(Yf3j(Y) 
j=1 

where sk*(a2) is given by equation (4). Since the right-hand side of (28) does not 
depend on the choice of inequality measure, any decomposition proportions 
obtained with index I(.) can also be obtained using any other index I(.), by 
selecting the same combination of the X1( Y). Thus, for example, setting Xj( Y) = 0 
for allj, gives 

Sk (I) = Sk* () = Sk (I2) 

and the decomposition proportions for any index correspond to those derived in 
the natural decomposition of the variance (or I2). But the situation is perfectly 
symmetrical, so another selection of Xj(Y) would give sk*(G), say, on the 
right-hand side of (28). Then 

Sk(I) = sk*(G) = Sk*(G)/G(Y) 

and all inequality measures (including the variance and I2) would generate 
proportional factor contributions corresponding to those for the natural decom- 
position of the Gini. 
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There are two further simple restrictions that can be imposed on factor 
decompositions .3 

ASSUMPTION 5: (a) (Population Symmetry) If P is any n X n permutation 
matrix, S( ykp, YP) = S( yk, y); (b) (Normalization for Equal Factor Distribu- 
tion) S(like, Y) = 0 for all Ptk. 

Assumption 5(a) is the requirement that the factor contributions do not 
depend on how individuals in the population are numbered: in other words, we 
treat individuals symmetrically as in Assumption l(a). Assumption 5(b) states 
that the contribution of a factor to total income inequality is zero if all 
individuals receive the same income from that source. The impact of these two 
additional assumptions can be seen in terms of the contribution function given in 
(27). 

THEOREM 2: If S( yk, Y) satisfies equation (27), then: (i) Assumption 5(a) holds 
if 3j ( YP) = p -l3 ( Y) and X.( YP) = X,( Y) for all permutation matrices P. (ii) 
Assumption 5(b) holds iff X, - I ( Y) = 0 for all Y. 

PROOF: (i) This follows from direct substitution into equation (27). 
(ii) By substituting yk = Uke into (27), Assumption 4(b) holds iff 

n-I 

(29) 0 = e jX1( Y)1j( Y). 
j=1 

But, by construction, 

e3n_ 1( Y) 0 ?; ej,3 Y)=0 (j = 1, . . ., n-2). 

So (29) is satisfied iff Xn- ( Y) = 0. Q.E.D. 

Theorem 2 indicates that the two extra restrictions contained in Assumption 5 
do little to reduce the number of potential decomposition rules. Assumption 5(a) 
will be satisfied if we ensure that the elements of the basis vectors are permuted 
in a suitable way when individuals are renumbered.4 Assumption 5(b) simply 
reduces by one the degrees of freedom associated with the choice of the functions 

Aj( Y). By substituting into Equation (13), Assumption 5(b) is seen to be equiva- 
lent to the requirement that the coefficients ai( Y) sum to zero. This is true for the 
coefficients obtained in the natural decomposition of both the Gini (equation 

3We may also wish to insist that the decompositions are ".non-trivial," in the sense that the 
contribution of any particular factor is not independent of how that factor is distributed (given some 
fixed total income distribution Y). It is easily demonstrated that trivial decompositions arise only 
when ai(Y) is independent of i in equation (13). If this is the case, ai Y) = I( Y)/n and Sk(l) 
- Ak/I in other words the proportional contribution of any income component is equal to the share 
of that factor in aggregate income. 

4This condition will be satisfied automatically if the basis vectors are defined in terms of incomes 
ranked by size, since this ranking is invariant to permutations in the numbering of individuals. 



202 A. F. SHORROCKS 

(15)) and the variance (equation (17)), but not for those for the Theil index, I, 
(equation (20)).5 

If Assumptions 1-5 are accepted, we have a unique decomposition rule for two 
person populations. The contribution proportions sk(I) will be invariant to the 
choice of inequality measure and correspond to those obtained in the natural 
decomposition of the variance (or Gini, since the expressions are identical with 
only two individuals). For populations containing three or more people, we have 
rio unique decomposition rule, and it is perhaps worth emphasizing the problems 
this would generate in any empirical application. 

Suppose we have a population with 3 individuals. Take a fixed total income 
distribution Y and number the individuals so that Y, < Y2 S Y3. Now consider 
the contribution of some fixed distribution yk corresponding to a component of 
total income, using the Gini coefficient as the measure of inequality. For the 
basis vector ,8 we may choose (Y2- Y3, Y3- YI, Y1 - Y2). Applying Theorem 
2(ii) to equation (27) gives 

S( Yk, Y) 
(30) Sk(G) =- kG( Y) 

co(Yk,) 

aOV( Y ,Y) 

2(Y) 1(Y){+ Y k(Y2 Y3 2 Y l 

3 ( Y2)} 

S-(a 2) + X1(Y)8 

where ( is the expression in brackets, assumed to be nonzero. By selecting 
different values of X1 in the interval (- ox, ox), we will generate any value of 
sk(G) in the interval (- ox, ox). Thus the contribution of any factor expressed as 
a proportion of total inequality can be made to give any value between plus and 
minus infinity! 

This is an unsatisfactory state of affairs, to say the least, and one that would 
inevitably cause havoc in the interpretation of empirical results for factor 
decompositions. Of course, for a suitable choice of XR(Y) in equation (30) we 
would obtain the natural decomposition of the Gini. This is the case if XR(Y) 
= a2(y)(Y3 - Y1)/(Y2- ). But there is no compelling reason why this value 
should be chosen, nor why the "natural" decomposition rules, in general, should 

5Assumption 5(b) is perhaps questionable, since we may feel that identical positive lump sum 
transfers are an equalizing force and hence should be associated with a negative contribution to 
inequality. Accepting this argument would lead us to reject the natural decompositions of the Gini, 
variance, and I2. For the Theil index Il, however, S( like, Y) = - I( Y)1ik/li where IO(.) is defined in 
equation (19). Thus for any Y y4 pe, S(like, Y) would give an appropriately negative value. 

For the moment we continue to impose Assumption 5(b), but the implication for Theorem 3 of 
omitting this requirement is provided in footnote 9. 
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be given special attention.6 Use of the natural decomposition of the Gini as a 
means of assessing the relative contributions of income components to total 
inequality could only be justified by arguing both that the Gini coefficient should 
be used as the measure of inequality (which is an acceptable position to take), 
and that we must choose the decomposition rule that follows naturally from the 
conventional way in which the Gini formula is written. This latter proposition is 
simply untenable. 

The multiplicity of potential decomposition rules leads us to search further for 
reasonable principles to govern the decomposition by factor components. One 
method of proceeding would be to examine in detail the intuitive interpretations 
normally attached to statements of the form "factor X contributes Z percent of 
total inequality." Such an approach is certainly worth pursuing and a few 
comments are made in the concluding remarks. For the moment, however, we 
continue by introducing one extra principle, Assumption 6. This assumption is 
perhaps more contentious than those already introduced. But it turns out to be 
highly restrictive and sufficient to determine the decomposition rule uniquely. 

Suppose the distribution of factor 2 incomes y2, is simply a permutation of 
that for factor 1, Y'. If there are other sources of income, we would not 
necessarily wish to state that factors 1 and 2 make the same contribution to 
inequality in total incomes. This is because the arrangement of incomes in the 
vector Yl may correspond more closely to the distribution of incomes from other 
sources, Y - Yl (and hence provides more reinforcement to the inequality 
arising from factors other than 1), than the arrangement of the same incomes in 
y2 does with y _ y2. This might be expressed intuitively by saying that the 
correlation between Y1 and Y - may differ from the correlation between y2 
and y_ y2. In fact the arrangement of incomes in y2 may give rise to a 
negative correlation between y2 and Y - y2 (and perhaps a negative decomposi- 
tion contribution), whilst the correlation between Y1 and Y - Y1 (and the 
contribution) is positive. However, when there are only two factors these consid- 
erations do not apply. The correspondence7 between Y' and y_ y = y2 iS 

exactly the same as the correspondence between y2 and y_ y2 = y'. Thus, 
there appears no reason why Yl and y2 should not be treated symmetrically and 
assigned the same value in the decomposition.8 

ASSUMPTION 6 (Two Factor Symmetry): For all permutation matrices P, 

S(yl1 Y, + Y'P) = s(Y'P,Y Y + Y'P). 

6Focusing on "natural" decompositions would, of course, arbitrarily rule out the use of the 
majority of inequality measures since these are not conventionally written in the form indicated by 
(14). 

'The term "correspondence" is intended here to cover any measure of association between two 
vectors and is not just meant as a synonym for "correlation." 

Svmmetry of treatment is, of course, explicitly assumed in Assumption 2, although the symmetry 
requirement here is of a slightly stronger form. 
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This assumption, combined with those given earlier, provides us with the 
following result. 

THEOREM 3: Assumptions 1-6 imply that 

S (Yk, Y) COV(Yk, Y) 
(31) Sk(') I(Y ) (YkY) forall Y#pye. 

1(Y) ~CT ( Y) 

PROOF: Let Hl(]j= 1, .I . , n - 2) be the set of permutation matrices of the 
form 

I9-, 0 0 
.. ............. 

010: 
nIj= o ooi O 

:100: ............... 

0* 0 *In-j-2 

where I,n is the n X n identity matrix. Then, for all j, 

(32) 1I3 = I HT = H1. 
1 nl 1 I 

Consider any fixed distribution Y#& pe and suppose Y' = 2 Y(I - Hl + Hj. 

Then Yl + YIlj = Y and S(Y1, Y) = S(YHIIj, Y) by Assumption 6. Substitut- 
ing equation (27) and applying Theorem 2(ii) we obtain 

n-2 

(33) ( y' - FIlij) . E xjpj= 0 
J=1 

since cov(Y1, Y) = cov(Y1Hlj, Y). But 

Y1 H I 
Y(I_ 11 j (n Ij + 11j2 ( l-lj) =y(112t j) 

so (33) can be written 

n-2 

(34) Y(II - H2)T. E X 13 = 2). 
j=l 

For the basis we can choose the linearly independent vectors 

I = (1- H1 )yT (j =1, .,n-2) 

since these all satisfy YI3j = 0 = e13j and hence equations (22), (23). Thus (34) 
becomes 

n-2 

jj*2X,3= 0 (j =1, , 2 
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which implies 

n n-2 Tz n-2 \ 

tJE-lAiti t E Xi pi)= 0. 

Hence 
n-2 

E Xi pv= O 
j=l 

and Xj = 0 for all j, since ,1... . Pn-2 are linearly independent. Since X, -I is 
also zero by Theorem 2(ii), substitution into (27) completes the proof. Q.E.D. 

Theorem 3 has two important consequences, Firstly, the decomposition rule 
for any inequality measure is unique. In other words, Assumption 6 has elimi- 
nated all the degrees of freedom associated with the choice of the arbitrary 
functions X1(Y).9 The second, more interesting, implication is that the relative 
importance of different income components is independent of the choice of 
inequality measure.'0 We therefore avoid one of the major problems encountered 
in applied work on distributions: that of having constantly to qualify results by 
stating that they hold only for the particular index selected. If Assumptions 1-6 
are accepted, no such qualifications will be necessary in factor decompositions. 
The unique and invariant decomposition rule given by (31) corresponds, of 
course, to the proportions of total inequality attributed to each income source by 
the natural decomposition of the variance. But this does not mean that the 
variance is the only measure that can be satisfactorily decomposed: (31) applies 
equally well to any inequality index. 

4. WEAKLY CONSISTENT DECOMPOSITIONS 

In this section we return to Assumption 4 and examine the implications of 
substituting a weaker consistency condition. Instead of requiring that total 

9The result demonstrated in Theorem 3 is modified slightly if we do not impose Assumption 5. 
In the n-1 dimensional space defined by Y,B = 0, choose 3n-, to be orthogonal to the Pi 
(j= 1,...,n - 2) constructed in the proof. Then (Y' - Y'HJ)X, -IA,- I = 0 for all j = 
1, . . ., n-2, and applying the steps in the proof gives A. = 0 for all j = 1, . . ., n-2. We therefore 
obtain 

cov( y, 
) Y) YYp) Sk(I) 2 +X, 

This still leaves the choice of the arbitrary function X,_ (Y), so Assumptions 1-4 and 6 are not 
sufficient to ensure a unique decomposition rule. 

'0This property would not hold if we insisted that only natural decompositions were used, since a 
change in the inequality measure would simultaneously change the decomposition rule. However the 
different proportional contributions that would follow from varying the inequality index and 
decomposition rule simultaneously are not connected in any way with the notion that different 
inequality measures incorporate different "perceptions of inequality," and may therefore lead to a 
range of results. Any variation obtained in the relative importance attached to factors is caused by a 
change in the decomposition rule, not the choice of index. 
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inequality be the sum of the factor contributions, which implies 

S(y 1+ y2, y) = S(y1, y) + S(y2, y), 

we suppose merely that there exists some aggregator function F(.) such that 

S(yI + y2, Y) = F(S(Y1, Y),S(y2, y)). 

More specifically, we replace Assumption 4 with Assumption 4': 

ASSUMPTION 4': (i) (Weak Consistency)11 For all yl, y2, y, 

S(yI + y2, Y) = F(S(Y1, Y),S(Y2, Y)); 

(ii) S(O, Y) =0; 

(iii) S(Y, Y) = I(Y). 

Assumptions 4'(ii) and 4'(iii) are implicit in Assumption 4, but now need to be 
stated explicitly. Assumption 4'(ii) indicates that there is no contribution to 
inequality from a (potential) source of income that nobody receives. Assumption 
4(iii) states that if there is only one source of income, then all inequality must be 
attributed to this source. 

THEOREM 4: Assumption 4' implies that there exists a continuous and strictly 
monotonic function f: R; -8 fiR such that f(O) = 0 and 

(35) I (Y) = S(yY) 
k 

where 

(36a) I( Y) = f(I( Y)), 

(36b) S(yk y) = f(S(Yk, Y)). 

PROOF: Let Y', y2, y3 be any three factor income distributions. Assumption 4' 
implies 

(37) S(yI + y2 + y3, y) = F(S(yl + y2, y), S(Y3, Y)) 

= F(F(y', y2),y3) 

using the shorthand notation yk = S(yk, Y). Similarly 

S(yI + y2 + y3, y) = F(y 1, F(y2 y3)) 

" This assumption and Theorem 4 are similar to the "weak consistency in aggregation" and 
Lemma 1 of Blackorby and Primont [3, p. 41. 
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so 

F(F(y1, y2), y3) = F(y 1, F(y2 y3)). 

We know from Assumption 4'(ii) that F(O, y) = y. By choosing y2 = y, we 
also know that F(y 1, y2) = 0 has a solution for all y'. By the Theorem of Aczel 
[1, p. 254] there exists a continuous and strictly monotonic function f(.) such that 

(38) F(y1, y2) = f - I(f(y') + f(y2)) 

with f(O) = 0, since F(O, y) = y. Applying (38) to (37) gives 

S(Y + Y2 + Y3, Y) = f f f(S(Yk, Y)) f } E -(Ykv Y) 

and by further repeated applications of (38) we obtain 

S2 yk, Y) =f-1{ AS(yk Y)} 

or 

I (Y) = f(I(y)) = S( yk, y). Q.E.D. 
k 

Theorem 4 demonstrates that any aggregation rule F(.) satisfying Assumption 
4 will generate a corresponding function f(.), determined uniquely up to a 
multiplicative constant, such that the transformed factor contributions S(.) sum 
to the transformed inequality value I(.). Conversely different choices of functions 
f(.) will produce different ways of combining the separate contributions of 
factors 1 and 2 into the contribution of the two factors taken together. It is not 
clear how many of these different aggregation rules are likely to be of much use 
in empirical applications. But we might wish, for example, to consider cases in 
which the factor contributions combine multiplicatively. Then F(y 1, y2) =Yly2 
and we can choose f(y) = logy1. The case examined in Section 3 corresponds, 
of course, to F(y , y2) =y1 +y2 and the identity functionf(y1) =y'. 

For the purposes of this paper, there is no need to constrain the aggregation 
rules any further than is done in Assumption 4'. Returning to Section 3 we find 
that all the assumptions imposed on I(.) and S(.) also hold for I(.) and S(.) as 
defined by (36), as long as I(.) is substituted for I(.) in Assumption 4. Thus all 
the results remain intact if we simply replace S(.) with S(.) and I(.) with I(.). 

The discussion of the results in the previous section also applies to the 
modified factor contributions S( Y, Y) except for two minor points. Since weakly 
consistent decompositions allow transformations of the inequality measure we 
can obtain "semi-natural" decompositions for inequality measures that are 
conventionally written as monotonic transformations of the quasi-separable form 
of equation (14). This applies in particular to the Atkinson family of indices 

I(Y) = 1- { (Y)E} 1/(1 ) >O, 
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for which 

I -E 

If(Y)= -iIE n i (P1I 

if we choose f(y) = (1 - y)' and the corresponding aggregation rule 

F(y, ,y2) = 1- [ I-yI)lE + (I-y-)1/'l-E' 

The other small change concerns the implications of Theorem 3. Applying this 
result, we find that if yk, Y are fixed, S( yk, Y)/ I( Y) is unique and invariant to 
the choice of I(.). This implies f(S)/f(I) = a, say. But the proportional factor 
contributions S/I will now depend on the aggregation rule chosen, and will not, 
in general, be invariant to the choice of I(.). For example, combining factor 
contributions multiplicatively gives rise tof(x) = logx, and hence f(S)/f(I) = a 
implies S/I = I . Of course, if the decomposition is not additive (Assumption 
4), the proportional contributions S/I will not, in general, sum to one, although 
the transformed contributions S/I do so. 

5. CONCLUDING REMARKS 

This paper has examined the decomposition of inequality into the contribu- 
tions associated with different components of income. From the outset it was 
assumed that the impact of each factor could be summarized in a single term, so 
the decomposition equation contains K separate contributions when K compo- 
nents of income are identified. Two weak restrictions (Assumptions 2 and 3) 
ensure that the contribution of factor k can be written as S( yk, Y), and therefore 
depends only on the distribution of factor k incomes and the distribution of total 
income. 

Using the assumption that the contributions sum to the overall inequality 
value, Theorem 1 demonstrates that S( yk, Y) must be a weighted sum of factor k 
incomes, where the weights are determined by the functional representation of 
the inequality index used in the decomposition. Applying this result gives 
"6natural" decomposition rules for the variance, Gini coefficient and other indices 
that are conventionally written in the quasi-separable form. However, alternative 
decompositions are available because the particular functional representation 
used for any inequality index is not uniquely determined. These alternatives are 
equivalent to different choices of the arbitrary functions X\( Y)(j - 1, . . . , n - 1) 
in equation (27). From the characterization of the options provided by (27) we 
can state that any index can be decomposed in such a way that the proportion of 
inequality contributed by each source of income is identical to the natural 
decomposition proportions obtained for any other index. 

The additional restrictions made in Assumption 5 do little to resolve the 
non-uniqueness of potential decomposition methods (unless the population con- 
tains just 2 individuals). Assumption 6, however, turns out to be more powerful. 
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This final restriction requires that two income components be assigned the same 
contribution to inequality if (a) the distribution of income from both sources is 
identical and (b) together they make up total income. With this additional 
constraint, there is a unique decomposition rule for any inequality measure 
(equation (31)). Furthermore the proportion of inequality attributed to each factor 
is the proportion obtained in the natural decomposition of the variance (or the 
square of the coefficient of variation). Thus, for each component of income, the 
assessment of its relative contribution to total income inequality will be indepen- 
dent of the inequality measure chosen. This is a particularly attractive feature for 
those involved in applied research on income distribution. 

In Section 4 we replaced the assumption that the factor contributions sum to 
total inequality with the requirement that the contribution of any two factors 
aggregated together can be derived in some way from their individual contribu- 
tions. The results obtained earlier remain substantially intact under this weaker 
aggregation rule. 

One issue neglected so far is the relationship between the factor decomposi- 
tions examined in this paper and the meaning normally attached to statements 
like "income component k contributes an amount Ck to inequality of total 
incomes." Two obvious interpretations spring to mind. The contribution Ck of 
factor k might be regarded as: (A) the inequality which would be observed if 
income component k was the only source of income differences; (B) the amount 
by which inequality would fall if differences in factor k income receipts were 
eliminated. As they stand (A) and (B) are slightly ambiguous. The most satisfac- 
tory formal statement of (A) seems to be 

(39) Ckl = I( Yk + (I _- jk)e). 

In other words, we evaluate a hypothetical distribution in which factor k incomes 
remain unchanged, but incomes from all other sources are subjected to an 
egalitarian redistribution. If this hypothetical inequality value is high, or high 
relative to I(Y), then factor k makes a significant contribution. Similarly, a 
suitable formal statement of (B) is 

(40) Ck = I(Y) - I(Y y + itke). 

Here the hypothetical distribution eliminates differences in factor k incomes by 
replacing the income Yik received by each individual with the average income 
from that source, lk. Factor k then makes a substantial contribution to inequality 
of total incomes if this equalization of factor k incomes significantly reduces 
measured inequality. Of course, B may be negative, in which case factor k 
tends to compensate for differences in incomes received from other sources. 

Consider for the moment using the variance as the measure of inequality. We 
have 

A 
= a 2(yk + (t - ,tk)e) = a2( yk) 

CNB =2(y) _ 2(y_ yk + like) = 02( yk ) + 2cov( Yk, Y Y ). 
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Thus interpretation (A) produces the "pure" contribution of factor k and 
disregards all the potential interaction effects, while (B) allocates all the interac- 
tion effects involving factor k to the factor k contribution. In general CA =# 

B 

and EkCk # a2( Y) # EkCk, so neither (A) or (B) provide a consistent decom- 
position rule (except when the yk are mutually uncorrelated). On the other hand 
the contributions derived from equation (31) for the variance do generate a 
consistent decomposition and the contribution of factor k is simply related to the 
two intuitive interpretations: 

s(yk, y)= cov( yk,y)= (CkA + Ck) 

Similiarly, using the square of the coefficient of variation, I2, as the inequality 
measure gives 

A a 2(Y) B a2(yk ) + 2 cov( yk, y yk 
Ck ' k 2 

The contributions derived from (31) are 

S( yk, y) = cov( yk, y) = l (CA + CkB 

so the relationship between the contribution rules satisfying (31) and the intuitive 
interpretations (A), (B) is identical to that obtained with the variance, and 
equally satisfactory. However for most inequality indices it is difficult to see any 
obvious connection between S( yk, Y) and CkA, Ck (even if Assumptions 5, 6 are 
not imposed, so S( yk, Y) has only to satisfy equation (27)). This tends to suggest 
that factor decompositions are only really satisfactory for a limited number of 
inequality measures. 

Another problematic issue concerns the links between different kinds of 
income. The rationale underlying any factor decomposition requires that we 
examine each income component separately and neglect the feedback effects on 
other income sources. Thus, to take the familiar example of tax incidence, we can 
identify the contribution of taxes to the inequality of post tax incomes, but the 
computation takes no account of the impact of taxes on the distribution of 
pre-tax incomes. These indirect effects may, of course, be substantial. However 
their evaluation requires a specification of behavioral relationships, which are 
avoided in factor decompositions of the kind examined in this paper. This is both 
the strength and weakness of this type of analysis. 

London School of Economics 
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Queen's University 
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