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THE MEASUREMENT AND DECOMPOSITION OF 
MULTI-DIMENSIONAL INEQUALITY 

BY ESFANDIAR MAASOUMI1 

1. INTRODUCTION 

IN THE TRADITIONAL analyses of inequality, individuals are characterized and ordered 
by a specific set of welfare attributes in which they share. Kolm (1977) formalized the 
intuitively appealing notion ("fundamentalism") that, the greater the number of attributes 
considered the better are the assumptions of "anonymity" and "impartiality" in welfare 
analyses. This notion would argue against the univariate analyses of inequality based 
traditionally on a single attribute such as income or wealth. Atkinson and Bourguignon 
(1982) have also described the situations in which the multi-dimensional formulation is 
either desirable or inevitable. Examples include situations in which "monetization" 
(through incomes, say) is either problematic or impossible (market prices may not exist, 
nontraded goods, etc.), or when the "information" given by the objective arguments of 
individual utility functions is to be augmented, as was argued by Sen (1977). 

In the multi-dimensional context, Kolm (1977) analyzed the properties of the social 
welfare functions (SWF's) and the corresponding ranking of distributions. Atkinson and 
Bourguignon (1982) analyzed the conditions of first and second-order stochastic dominance 
of multivariate distributions. 

This paper studies a class of evaluative statistics for the measurement of multi- 
dimensional inequality and their corresponding SWF's. We derive the properties of the 
generalized entropy (GE) family of measures. This class contains many of the popular 
measures, including both of Theil's information measures, and those which are ordinally 
equivalent to the class of measures proposed by Atkinson (1970). 

In our approach an individual (unit etc.) is first represented by a utility-like function 
of all the attributes received. We refer to this function as the "aggregate" or "summary" 
attribute. Such a function may also be (and usually is) regarded as the actual utility 
function of the individual whenever this is appropriate or desirable.2 Appealing to a 
generalized criterion from information theory, we provide an interpretation of this paper's 
"aggregate" attributes as "ideal" indices or evaluations of individual welfare when the 
distribution of welfare is the primary concern of analyses (Section 3). 

A univariate distribution is thus defined by these aggregates, and the GE measure of 
inequality therein is referred to as the multi-dimensional or multi-attribute inequality. 
Multi-attribute inequality is decomposed by the inequality "between" and "within" popula- 
tion subgroups (Section 2). In Section 4, conditions for decomposability by inequality in 
each attribute are given. The implied SWF's and their properties are also briefly analyzed 
as are the effects of certain redistributions. 

2. MEASURES OF MULTIVARIATE INEQUALITY 

Let Xif denote the amount of attribute f = 1, . . ., M, received by individual (household, 
country, etc.) i = 1, .. ., N. Let Xi = (Xi1, ... , XiM)' be the ith row of the N x M matrix 

1 Many thanks to Henri Theil for stimulating my interest in the formal aspects of this subject 
matter, leading to Maasoumi (1979), and to A. Atkinson, J. Foster, A. Shorrocks, the anonymous 
referees, and Hugo Sonnenschein for many helpful suggestions and criticisms. I retain responsibility 
for the contents of the paper. 

2 distinction here is interesting and potentially important. The SWF may be based on the 
observer's evaluation of individual welfare (the aggregate attribute), or on the individual's own 
evaluation (the actual utility function). See Kolm (1977, page 3) and Sen (1977). 
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X, and Xf = (Xlf, X2f,... ,XNf)'. The "summary" or "aggregate" attribute function rep- 
resenting individual welfare is denoted by Si = h(Xi). We measure the relative inequality 
in S = (S1,..., SN) by the GE family defined as follows: 

N 

(la) I,,(S) = E pi[(S1*/pX`)l+1]/y(1+ 7) 
i=1 

where SI' = Si/E Sj and pi (= 1/N) is the ith unit's population share. Ij( ) is ordinally 
equivalent to the coefficient of variation and the Herfindahl measure, and Theil's first and 
second measures are, respectively: 

N 

(lb) IO(S) = E S* log (SITIp0, 
i=1 

N 

(1C) I_ 1(S) =EPi log (pi /S1 )* 
i=l 

For y < 0 the GE measures are ordinally equivalent to the following measures proposed 
by Atkinson (1970): 

N 1/1l-D 
(2) AV(S) = 1 -[ . pi(S/Pi)V] / v>0, v 1, 

i= 

=l1-exP[p[ ilog (S?/Pi)], V =1. 

v = - y is referred to as the "degree of relative inequality aversion." As noted by Shorrocks 
(1980) and Atkinson (1970), the GE and Atkinson measures are homogeneous (in a single 
attribute), symmetric, and consistent with the Lorenz criterion with respect to Si. Useful 
decomposability properties of I,( ) are explicitly given here which separate the "between" 
and "within" group inequalities for any partitioning of the population. Let there be G 
groups, tr, r = 1, . . ., G, each containing exactly Nr individuals, Er Nr = N. Let Pr= Nr/N 
and Sr. = E>ifE Si/ K denote the population and the "attribute" shares, respectively, of the 
rth subgroup, K = il Si and S. = (S,., S2..,... SG.). Then: 

G 

(3) L,(S)=LT(S.)+ Z P7VSl+iI,,(Sr) 
r=1 

where Sr denotes the Nr-vector of relative shares Sir = Si! KSr., for i E tr, and I,(S.) is 
the multi-dimensional "between" group inequality. The second term of (3) is a weighted 
sum of "within-group" inequalities, I(Sr). For Theil's two measures (y = 0, -1), however, 
the familiar weighted averages obtain. In the remainder of this paper our formulae are 
given for the case of equal population shares-i.e., pi = 1/N. The general formulae in (1) 
should be noted, however, especially when computing the between-group inequalities. In 
view of this observation, the following equivalence may be verified for the between-group 
inequality: 

I, (S.-)-IT (t I UN,, /2 UN2,..., lLG UN,). 

The right-hand side is the formula given in Shorrocks (1980), where tr = Z i, Si/Nr and 
UN, is a vector of ones of length Nr. 

In Section 4 we consider the decomposition of I,,(S) by attribute inequalities. 

3. REPRESENTATIONS OF INDIVIDUAL WELFARE 

When Si = h(Xi) is interpreted as the actual utility function of an individual, many of 
the popular (cardinal) specifications in economics can be used in the computations of 
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Section 2. Examples include the CES, Cobb-Douglas, linear and log-linear functions and 
their "flexible" generalizations. When h( ) is interpreted as the observer's evaluation of 
individual welfare, a suitable "index" or "aggregator" function needs to be defined. As 
in all "index number problems," the intended use of the index affects its "ideal" formula- 
tion. Since we are concerned with the study of the multivariate distribution of the Xf's, 
it is reasonable to require the "index" to have a distribution that is as "close" as possible 
to this distribution. The use of an "index," Si, with the "closest" distribution should entail 
the introduction of the least amount of distortion in, or divergence from, the distributional 
'information" given by the Xf's. Information theory provides some of the more general 
criteria for the measurement of "divergence" or distance between distributions. Here, we 
use generalized "information functions" which include the logarithm as a special case. 
This leads us to the notion of +-entropy; see Burbea and Rao (1982a, 1982b). In turn, 
we generalize the corresponding, pairwise, criteria of divergence in order to deal with the 
M ?n 2 distributions of the Xf's. The result is the following measure of divergence or 
expected information: 

(4) D, (S, X; a) =E afJ E Si -( - 1 6683 + 1)} 

=ECaf ESilog(Si/Xif), /=0, 
f Ii 

=>jaff Xjflog(Xjf/Si)1, 83=-i. 
f li 

This criterion is a weighted sum of the pairwise "divergence" terms in { } which were 
shown in Burbea and Rao (1982b) to be generally convex in Si. We find the distribution 
S = (S1,..., SN) which minimizes DO( ) is as follows: 

(5) Si OC 6f-lX'i 

where Sf = af/,f axf (replace by af when E af = 1 is used). Clearly the solution is a 
harmonic mean which includes the weighted geometric mean and the linear functions, 
popular "indices" in economics. Interestingly, by writing -/3 = 1 - (I/cr), with cr as the 
constant elasticity of substitution, the above derivation is seen to provide a positive 
interpretation for many of the popular utility functions in economics, such as the CES, 
Cobb-Douglas (/3 = 0) and the Leontief (linear). [The translog is a second-order approxi- 
mation to the CES.] Consequently, the formal results of this paper are unaffected whether 
the Si are regarded as the actual utility functions, or the observer's evaluation of individual 
welfare obtained according to the "measurement" interpretation given above.3 

4. DECOMPOSITION AND THE EFFECTS OF REDISTRIBUTION 

We investigate the GE class of inequality measures when Si = (,f 8fX-f )-1/, the most 

general formulation considered in Section 3. Let K = i Si, xif = Xif/ Tf, Tf = iXif, 
Wf = Tf/K, and S* = (S*, . . ., S* ) with SI' = Si/K; then: 

(6) IY (S) =-N { Nl+VYK-('+VY) 8 XI) -1j y(y+1)- 

3 Strictly speaking, the interpretation of S and Xf's as probability distributions requires . Xif =1 = 

E Si. This normalization, however, is unnecessary and inconsequential for our derivations. In 
particular, the same functional form results for the Si which minimizes D,9 ( ) whether or not Yi Xif = 1. 

When /8 = -1, D_1( ) is defined when Yi Si = Z (S afXif), and the linear "utility" function, Si = 

Esf 8fXif, minimizes D-1( ). Log-linear utility obtains if, in D-1, Xif is replaced with log Xif. 
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The following proposition gives conditions under which I,(S) may be decomposed into 
contributions by each attribute Xf. 

PROPOSITION 1: (i) If 1 + Ly=-3, I,(S) is decomposable as follows: 

M 

(7) I,,(S) = Y; 8fWf I (X )+ afw} 16jY(Y+ 1); 
f=1 

(ii) if, in addition, the "marginal" distributions are identical-i.e., xf = (Xlf, X2f,... , XNf) = 

X = (XIlk, . . ., XNk), Vf and k; then we have: 

I,(S) = I,(Xf), anyfe [1, M]. 

PROOF: I,,(Xf) denotes the GE inequality in the fth attribute distribution according 
to formula (1), and simple manipulations obtain (7) from (6). In (ii), x -x'=>S*=x x , 
any f Q.E.D. 

PROPOSITION 2: When 1 + y = -,3, the multi-dimensional extensions of Theil's measures 
(-y = O, -1) are weighted "averages" of attribute contributions: 

(8a) IO(S) =V S* log NSV 

(8b) - CfIO(X) -D_ D(x, S*; Cf), 
f 

where Cf = 8fTf/Yk 8kTk, and 

(9a) I_L(S) = -log N--X log S* 

(9b) = E 6I_-L(Xf) - Do(S*, x; 89). 
f 

PROOF: By direct application of L'Hospital's rule to (7), or using (4), (8a), and (9a). 
Here x = (xif) is the share matrix, and 

(10) D-l(xS*;Cf)=E Cf( xiflog 5f) ?0, 
f \i 

where S =f 6fXif/ K and K =f SfTf are obtained from (4) at =-1, 

(1 1) Do(S*, x;f) =E E*log ) =-log K +E log Tf ? O 
f \ X qf/f 

where SV = jmI X //K and K =Xi (lf Xf[) are obtained from (4) at: =0. Q.E.D. 

REMARK 1: Both (10) and (11) are weighted averages of "directional" (Kullback- 
Leibler) measures of expected information, and are nonnegative. It follows from (8)-(11) 
that, multi-dimensional inequality is no more than the weighted averages of attribute 
inequalities. This reflects the "substitution" effects between the Xf's. 

When individuals are characterized by Si, Symmetry (S), Homogeneity (H), and 
"equality preferring" characteristics of our measures and the corresponding SWF's are 
established by the literature on univariate inequality; e.g., see Atkinson (1970), Blackorby 
and Donaldson (1978), Bourguignon (1979), and Shorrocks (1980). 
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In the multivariate context, property H holds in the sense that I,(S) is unchanged if 
all Xif (i.e., Si) are multiplied by the same nonnegative constant. H does not generally 
hold with respect to each attribute, nor is it necessarily desirable for it to do so.4 This 
"general homogeneity" property is satisfied, however, by Theil's second measure under 
Proposition 2 (see (9b)), but not by Theil's first measure even though it is only the latter's 
weights (Cf's) that fail to be scale invariant. Property S here refers to "vector-symmetry"- 
i.e., with respect to vectors Xi, i = 1, . . ., N, which are the basis for the ordering in the 
multi-dimensional case. This property implies that I,( ) of the "welfare matrix" X is the 
same as that of X = PX, where P is a permutation matrix. 

Let the SWF be W = F(S) = W(X). Any F that is nondecreasing, symmetric, and 
quasi-concave is also Schur-concave, and hence "equality preferring" (Dasgupta et al. 
(1973), and Kolm (1977)). In general, however, this property is not particularly meaningful 
by itself in the multi-dimensional context because it is the Xf's that are the object of 
policy and directly change with time or across populations. Therefore, we explore the 
effect on Iy,( ) (or W(X)) of redistributions in the Xf's. The following Proposition 
establishes a multi-dimensional version of the Principle of Transfers property. 

Let X and X be a pair of distributions such that X = BX, where B is a bistochastic 
matrix-i.e., b3 >0o, EyN bij ==EN bi, Vi and j. Also, let H denote the set of all positive, 
real valued concave (concave increasing or concave nondecreasing) aggregate functions, 
h, such that Si = h(Xi) and Si = h(Xg), where Xi and Xi are, respectively, the ith rows of 
X and X. Then: 

PROPOSITION 3: If X = BX, where B is a bistochastic matrix, then I,,() - I,,(S) for all 
y E R and any h( ) E H such that Si=h(Xf) and Si = h(Xi). 

PROOF: By Kolm (1977, Th. 6), W(X) : W(X) for any W(X) = F({ U(Xi)}) with 
concave U and Schur-concave F. Since h(-) is concave by assumption and -I,( ) is 
Schur-concave (see Shorrocks (1980)), the result holds. Q.E.D. 

REMARK 2: In addition to homotheticity, F may alternatively be symmetric quasi- 
concave or additive (F =i Si). In Kolm's Theorem 6, X = BX is both necessary and 
sufficient. Hence if W(X) ?' W(X) for all W, F, and U of the above proposition, then 
X = BX for some bistochastic matrix B. Strictly speaking, however, this converse result 
does not fully establish the converse of Proposition 3 as stated since the class Iy( ) does 
not contain all Schur-concave F.5 

REMARK 3: Bistochastic transformations are "mean preserving", and amount to several 
equivalent "averaging" transfers (spreads) which leave the attribute totals ( Tf's) unchanged; 
e.g., see Kolm (1977).6 

For concave Si, all I,( ) for which y s- 0 certainly satisfy the conditions of Proposition 
3. For y <0, the SWF's are ordinally equivalent to those of Atkinson's measures which 
are concave for v >0 (Atkinson (1970)). When y = 0 Theil's first measure obtains with 
the corresponding SWF proportional to W = iSi log (jS Si); see Blackorby and 
Donaldson (1978) and Theil (1967). This is a concave function of Si, and thus satisfies 

4 For example, doubling Xf, for a given f affects social welfare, the S,, and the ordering theoreof. 
If Si were defined as an average share-i.e., as a function of xif instead of Xif, the more "general 
homogeneity" property would have held for all I,(S). In this paper Si is derived in terms of the 
absolute quantities (Xif) because actual utility functions are usually defined in terms of Xif rather 
than the shares (xif). 

SI am grateful to an anonymous referee for bringing this point to my attention and for other 
helpful criticisms. 

6 If Tf's are not held constant, Proposition 3 may be extended when B transfers are replaced by 
"equalizing" transfers which satisfy the important properties (1)-(9) of Kolm (1977, page 9). Theorem 
9 of the latter provides the basis for this extension. 
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the conditions of Proposition 3 for concave Si. Also, under these conditions the ranking 
of distributions given by Iy( ) is consistent with that given by the "Welfare Concentration 
Curve", a generalization of the Lorenz criterion discussed by Kolm (1977, Th. 7). 

The SWF's, W = F(Si), are clearly individualistic. It is worth noting that, under the 
decomposability condition of Proposition 1, these SWF's will be both individualistic and 
specific. Indeed, in Proposition 1 we have W(X) = H[ifFiff(Xif)], H and Fif being 
functions of one variable. Theorem 1 of Kolm (1977) demonstrates that this "additive" 
form obtains if and only if the SWF is both individualistic and specific.7 

5. CONCLUSIONS 

A class of inequality measures has been proposed and analyzed in the multi-attribute 
context. The choice of these measures was motivated by the axiomatic characterization 
theorems of Blackorby and Donaldson (1978), Bourguignon (1979), Foster (1983), and 
Shorrocks (1980) in the univariate case. The propriety and desirability of these axioms 
deserves closer investigation in the multivariate case. The "measurement" interpretation 
of individual welfare functions, Si, is particularly attractive for attributes which affect 
individual welfare but cannot reasonably be considered as objective arguments of 
individual's actual utility functions. With Si so interpreted, the analyses of SWF's based 
on Si (and evaluative statistics) can incorporate the type of "additional information" 
which, as Sen (1977) argued, is neglected in the purely welfarist-utilitarian approach. 
Among some alternative approaches to the measurement of multivariate inequality, Ram 
(1982) proposes the first principal component (PC) of the matrix X in place of our Si. 
An interpretation of PC is that the linear "aggregate" function, Si = ?f afXif, is chosen 
with af being the elements of the "first" characteristic vector of the matrix X'X (or x'x, 
x = (Xf)). Clearly, these weights will be sample-specific and change with X. In our 
approach, on the other hand, the weights given to attributes may be the evaluator's 
subjective weights. In empirical implementation of our approach, however, af's can also 
be selected on the basis of the PC's (e.g. over all samples of iiterest, across populations, 
or over time), but with any desired functional form for Si. Thys is done in Maasoumi and 
Jeong (1983) and Maasoumi and Nickelsburg (1983). In empirical settings the PC method 
provides a benchmark which, though rather ad hoc and sample-specific cannot be dismissed 
lightly, especially where market prices for some attributes do not exist. This is so for the 
applications in Maasoumi and Nickelsburg (1983) and Maasoumi and Jeong (1983) which 
utilize data on quality of life and basic needs indices. The treatment of stocks (e.g., wealth) 
and flows (e.g., income) is another example even when "monetization" of attributes is 
possible. 

Dept. of Economics, Indiana University, Bloomington, IN 47405, U.S.A. 

Manuscript received April, 1983; final revision September, 1985. 
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