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STATISTICAL INFERENCE FOR STOCHASTIC 
DOMINANCE AND FOR THE MEASUREMENT 

OF POVERTY AND INEQIJALITY 

BY RUSSELL DAVIDSON AND JEAN-YVES DUCLOSI 

We derive the asymptotic sampling distribution of various estimators frequently used to 
order distributions in terms of poverty, welfare, and inequality. This includes estimators of 
most of the poverty indices currently in use, as well as estimators of the curves used to 
infer stochastic dominance of any order. These curves can be used to determine whether 
poverty, inequality, or social welfare is greater in one distribution than in another for 
general classes of indices and for ranges of possible poverty lines. We also derive the 
sampling distribution of the maximal poverty lines up to which we may confidently assert 
that poverty is greater in one distribution than in another. The sampling distribution of 
convenient dual estimators for the measurement of poverty is also established. The 
statistical results are established for deterministic or stochastic poverty lines as well as for 
paired or independent samples of incomes. Our results are briefly illustratecl using data 
for four countries drawn from the Luxembourg Income Study data bases. 

KEYWORDS: Stochastic dominance, poverty, inequality, distribution-free statistical infer- 
ence, order-restricted inference. 

1. INTRODUCTION 

SINCE THE INFLUENTIAL WORK of Atkinson (1970), considerable effort has been 
devoted to making comparisons of welfare distributions more ethically robust, by 
making judgements only when all members of a wide class of inequality indices 
or social welfare functions lead to the same conclusion, rather than concentrat- 
ing on some particular index. More recently, pleas have been made for similar 
robustness in poverty measurement, following up on the criticism in Sen (1976) 
of the headcount ratio and the poverty gap as not taking into account the 
intensity and the depth of poverty respectively. Such pleas are found, for 
instance, in Atkinson (1987), Foster and Shorrocks (1988a,b), and Howes (1993). 
Robustness is also needed to guard against the uncertainty and the frequent 
lack of agreement regarding the choice of a precise poverty line. 

IThe paper is part of the research program of the TMR network "Living Standards, Inequality 
and Taxation" [Contract No. ERBFMRXCT 980248] of the European Communities, whose financial 
support is gratefully acknowledged. This research was also supported by grants from the Social 
Sciences and Humanities Research Council of Canada, from the Fonds FCAR of the Province of 
Quebec, and from the MIMAP program of the International Development Research Centre. We are 
grateful to Timothy Smeeding, Koen Vleminckx, and St6phan Wagner for assistance in accessing 
and processing the data, to Paul Makclissi for helpful comments, and to Nicolas Beaulieu and Nicole 
Charest for research and secretarial assistance. We are grateful to numerous seminar participants 
for comments on earlier versions of this paper, and to two anonymous referees and a co-editor for 
many valuable suggestions that have much improved the paper. Duclos also acknowledges the 
hospitality of the School of Economics at the University of New South Wales, where he was a 
visiting fellow during the revision of the paper. 
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In this paper, we study estimation and inference in the context of inequality, 
welfare, and poverty orderings. Our main objective is to show how to estimate 
orderings that are robust over classes of indices and ranges of poverty lines, and 
how to perform statistical inference on them.2 

In the next section, we review the definitions of the various indices in which 
we are interested for the distributions of entire populations, and we note some 
of the relationships among them.3 In Section 3, we study estimators of these 
indices, based on samples drawn from the populations, and we derive their 
asymptotic distributions. In particular, we discuss the statistical consequences of 
using estimated poverty lines. We also provide estimates of the thresholds up to 
which one population stochastically dominates another at a given order, and of 
cumulative poverty gap (CPG) curves. Our results apply equally to the case of 
observations drawn from independent distributions and to the case in which 
dependent observations are drawn from a joint distribution, as for instance 
when, with panel data, there are several observations of the same individual. We 
obtain as a corollary the distributions of the two most popular classes of poverty 
indices, both for deterministic and for sample-dependent poverty lines. The first 
is the class of additive poverty indices, which include the Foster, Greer, and 
Thorbecke (1984) indices, which themselves include the headcount and average 
poverty gap measures, the Clark, Hamming, and Ulph (1981), Chakravarty 
(1983), and Watts (1968) indices. The second is the class of linear poverty 
indices, which can be expressed as weighted areas underneath CPG curves. 
Members of that linear class include the poverty indices of Sen (1976), Takayama 
(1979), Thon (1979), Kakwani (1980), Hagenaars (1987), Shorrocks (1995), and 
Chakravarty (1997). 

Statistical inference for inequality or poverty indices could be performed 
without recourse to the asymptotic theory of this paper by use of the bootstrap, 
with resampling of the observed data serving to provide estimates of the needed 
variances and covariances. However, it is well known that the bootstrap yields 
better results when applied to asymptotic pivots, and it is therefore a better idea 
to use our results in order to construct such asymptotic pivots before using the 
bootstrap-see Horowitz (1997) for an account of the relevant issues. 

Finally, in Section 4, we provide a brief illustration of our techniques using 
cross-country data from the Luxembourg Income Study data bases. Most of the 
proofs are relegated to the Appendix. 

2Work on these lines can be found in, for instance, Beach and Davidson, (1983), Beach and 
Richmond (1985), Bishop, Chakraborti, and Thistle (1989), Howes (1993), Anderson (1996), David- 
son and Duclos (1997). 

3Foster (1984), Chakravarty (1990), Foster and Sen (1997), and Zheng (1997a), among others, can 
also be consulted for a review of different aspects of the social welfare, poverty, and inequality 
literatures. 
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2. STOCHASTIC DOMINANCE AND POVERTY INDICES 

Consider two distributions of incomes, characterized by the cumulative distri- 
bution functions (CDFs) FA and FB, with support contained in the nonnegative 
real line. We use term "income" throughout the paper to signify a measure of 
individual welfare, which need not be money income. Let DA(x) FA(X) and 

(1) DS(X) D(s- 1)(y)dy, 
0 

for any integer s > 2, and let Ds(x) be defined analogously. It is easy to check 
inductively that we can express DS(x) for any order s as 

1x 
(2) Ds(x) (S (s-1) ! 1(0 y)s 'F(y). 

Distribution B is said to dominate distribution A stochastically at order s if 
DA(x) ? Ds(x) for all x E R. For strict4 dominance, the inequality must hold 
strictly over some interval of positive measure. Suppose that a poverty line is 
established at an income level z > 0. Then we will say that B (stochastically) 
dominates A at order s up to the poverty line if DA(X) ? Ds(x) for all x < z. 

First-order stochastic dominance of A by B up to a poverty line z implies 
that FA(x) FB(x) for all x < z. This is equivalent to the statement that the 
proportion of individuals below the poverty line (the headcount ratio) is always 
(weakly) greater in A than in B, for any poverty line not exceeding z. 

Second-order dominance of A by B up to a poverty line z implies thatD 1(x) 
2 D2(X), that is, that 

(3) (x -y)dFA(y) > f(x -y)dFB(y) 
0 0 

for all x < z. When the poverty line is z, the poverty gap for an individual with 
income y is defined as 

(4) g(z, y) = (z -y)+ = max(z -y, O) = z -y". 

The notation x+ will be used throughout the paper to signify max(x, 0). In 
addition, censored income y* is defined for a given poverty line z as min(y, z). 
We can see from (3) that stochastic dominance at order 2 up to z implies that, 
for all poverty lines x < z, the average poverty gap in A, DA(x), is greater than 
that in B, D2(x). The approach is easily generalized to any desired order s. 

Ravallion (1994) and others have called the graph of D' (X) a poverty 
incidence curve, that of D2(x) a poverty deficit curve (see also Atkinson (1987)), 
and that of DA(X) a poverty severity curve. D1(x) is shown in Figure 1 for two 
distributions A and B. Distribution B dominates A for all common poverty 

4Since the main focus of this paper is statistical, we will not distinguish strict and nonstrict 
dominance, since near the margin no statistical test can do so. 
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FIGURE 1.-Poverty incidence curves for two distributions A and B. 

lines below z. The area underneath D'(x) for x between 0 and z equals the 
average poverty gap D2(z), which is clearly greater for A than for B. 

Following Atkinson (1987), we consider the class of poverty indices, defined 
over poverty gaps, that take the form 

(5) Hl(z) = f?T(g(z, y))dF(y). 

These can be regarded as absolute indices since equal additions to both z and y 
do not affect them. In Atkinson (1987), Foster and Shorrocks (1988a), and 
McFadden (1989), it is shown, in the context of risk aversion, that, for all indices 
(5) for which 7r is differentiable and increasing with i(O) = 0, HA(X) ? HB(X) 

for all x < z if and only if B stochastically dominates A up to z at first order. 
This class of indices, along with the headcount ratio, for which it is easy to see 
that the result holds as well, will be denoted Pl. Similarly, the class p2 is 

defined by convex increasing functions 7r with 7r(0) = 0. The use of indices in 
p2 is analogous to using social evaluation functions that obey the Dalton 
principle of transfers (see the discussion of this in Atkinson (1987)). It is easy to 
show that all indices in p2 are greater for A than for B for all x < z if and only 
if B stochastically dominates A up to z at second order. In general, for any 
desired order s, we can define the class Ps to contain those indices (5) for which 
IT(s)(x) ? 0 for x > 0, (s- 1)(0) ? 0, and 7r(i)(0) = 0 for i = 0, .. ., s - 2. Then it is 
easy to show that 11A(X) ? 11B(X) for all x < z for all 17E! Ps if and only if B 
dominates A up to z at order s. The classes Ps of poverty indices can be 
interpreted using the generalized transfer principles of Kolm (1976), Fishburn 
and Willig (1984), and Shorrocks (1987).5 Note that, for class p2, we need not 

5For s = 1, 2, Foster and Shorrocks (1988b) show how some of these dominance relationships can 
be extended to poverty indices (or censored social welfare functions) that may be nonadditive. 
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require that wr'(0) = 0, but, for s > 2, all the derivatives of iT up to order s - 2 
must vanish at 0.6 

A useful concept for the analysis of poverty is the maximum common poverty 
line zs up to which B stochastically dominates A at order s. All indices in PS 
will then indicate greater poverty in A than in B for any poverty line no greater 
than Zs. If B stochastically dominates A (at first order) for low thresholds z, 
then either B dominates A everywhere (in which case we have first-order 
welfare dominance in the sense of Foster and Shorrocks (1988b)), or else there 
is a reversal at the value z, defined by 

(6) Z1 =inf{x > 0 j F4(x) < FB(x)1. 

z1 is illustrated in Figure 1. If z, is below the maximum possible income, we can 
repeat the exercise at order 2. Either B dominates A at second order every- 
where,7 or there exists z2 defined by 

(7) z2 = inf{x > 0 l DA (x) < D(x)}. 

This procedure can be continued either until stochastic dominance at some 
order s is achieved everywhere, or until zs has become greater than what is seen 
as a reasonable maximum possible value for the poverty line (or welfare 
censoring threshold) z. It is shown in Lemma 1 in the Appendix that stochastic 
dominance of A and B up to any finite z will be achieved for some suitably 
large value of s. This result confirms the interpretation of stochastic dominance 
for general s given by Fishburn and Willig (1984) in terms of principles that give 
increasing weights to transfers occurring at the bottom of the distribution. The 
limit as s -> oo has a Rawlsian flavor, since, in that limit, only the very bottom of 
the two distributions determines which dominates the other for large s. 

In comparing poverty across time, societies, or economic environments, it can 
be desirable to use different poverty lines for different income distributions.8 
This is particularly common in studies of poverty in developed economies where 
a proportion of median or average incomes is often used as a "poverty line" to 
make cross-country comparisons.9 We may continue to use the classes PS as 
above, but now, in order to compare A and B, we use two different poverty 
lines ZA and ZB. Then it is easily shown that there is at least as much poverty in 
A as in B, according to all indices in Ps, if and only if D(ZA - x) - D(ZB - X) 

6For a > s, the FGT indices zA(z) defined below obey this continuity condition and thus belong 
to the classes Ps. Besides, if an additive index of the type A2(z)- f(y, z)clF(y) defined below 
belongs to P', then, for y > 1, all additive indices of the form (5(y, z))y will belong to P"' 

7This is equivalent to Generalized Lorenz dominance of the distribution of incomes in B over 
that in A, and to second-order welfare dominance. 

sSee, for instance, Greer and Thorbecke (1986) and Ravallion and Bidani (1994), where poverty 
lines are estimated for different socio-economic groups, and Sen (1981, p.21) on the issue of 
comparing poverty of two societies with either common or different "standards of minimum 
necessities." 

9On this, see, for instance, Smeeding, Rainwater, and O'Higgins (1990), Van den Bosch et al. 
(1993), Gustafsson and Nivorozhkina (1996), or Atkinson (1995). 
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? 0 for all x > O.10 This just involves checking whether B dominates A for all 
pairs of poverty lines of the form (ZA - X, ZB - X) with x ? 0. As x varies, the 
absolute difference between the two poverty lines remains constant. Of course, 
this relation no longer constitutes stochastic dominance at order s. 

The popular FGT (see Foster Greer, and Thorbecke (1984)) class of additive 
poverty indices is defined by 

(8) A Za(Z)f(Z y)C-dF(y)= g(z,y)g dF(y). 
0 0 

These indices are clearly related to the criteria for stochastic dominance, as was 
noted by Foster and Shorrocks (1988a, b). In fact, if a is an integer, it follows 
from (2) that JA(x) = (a - 1)!Dc(x). 

For any one member of the FGT class of indices, there may be a range of 
common poverty lines for which poverty in A is greater than in B. For any such 
line z, the index As shows more poverty in A than in B if DA(x) - D_(x) ? 0 
for x = z, but not necessarily for all x < z. Hence, it could be that, for a given 
range of z, we find dominance of A by B according to A1 and A3, but also find 
dominance of B by A according to A 2, a reversal which would not be possible 
with stochastic dominance relations. We could then define the thresholds zy 
and z, such that B dominates A according to As only for z E [z7, z+]. More 
generally, we may only wish to check whether DA(x) ? Ds(x) for x in our range 
of interest. For s = 1 or s = 2, this leads to the concept of restricted stochastic 
dominance defined in Atkinson (1987) for the headcount ratio and the mean 
poverty gap respectively (see his Conditions 1 and 2). It is clear that such 
restricted dominance conditions can be applied and generalized to any order s 
of the FGT index. 

Other poverty indices can also be expressed in the additive form of (2), that is, 
as 

00 (9) A(z)-- 5(y, z)dF(y) 

for suitable choices of 8(y, z). This is the case for the Clark, Hamming, and 
Ulph (1981) second family of indices, for the Chakravarty (1983) index, for which 
8(y,,z) = 1 - (yI/z)e for 0 <e < 1, and for the Watts (1968) index, where 
8(y, z) = log(z/y"). Bourguignon and Fields (1997) also propose an additive 
index that allows for discontinuities at the poverty line, with 8(y, z) = 
g(z,y)ctl + a21(y <z), where I(y <z) is an indicator function equal to 1 
when y < z, and 0 otherwise. 

M Well-known arguments of the type found in Foster and Shorrocks (1988b) can be used to show 
that this extends to nonadditive indices for s= 1, 2. In the terminology of Jenkins and Lambert 
(1997), dominance for s = 2 implies an ordering for all generalized (additive or nonadditive) poverty 
gap indices. 

"1The original FGT indices are normalized by z-l . We return to the interpretation of this 
normalization below. 
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Stochastic dominance at first and second order can also be expressed in terms 
of quantiles. This is called the p-approach to dominance. The indices in P' 
indicate at least as much poverty in A as in B if and only if, for all 0 < p < 1, 

(10) (ZA QA(P))? (ZB QB(P))? I 0, 

where QA(P) and QB(P) are the p-quantiles of the distributions A and B 
respectively. If ZA = ZB, condition (10) simplifies to checking if the quantiles of 
B's censored distribution are never smaller than those of A. As can be seen 
from Figure 1, the condition (10) need only be checked for values of p less than 
the greatest value, p* in the figure, for which ZB - QB(P*) ? O. It is also clear 
from the figure that, where the curves for A and B cross, at p = p , the common 
value of QA(PI) and QB(P1) is the z, defined in (6). 

There also exists a p-approach to second-order dominance. To see this, define 
the cumulative poverty gap (CPG) curve (also called TIP curve by Jenkins and 
Lambert (1997), and poverty gap profile by Shorrocks (1998); see also Spencer 
and Fisher (1992)) by 

(11) G(p; z) = fQ(P g(z,y)dF(y). 

It is clear that G(p; z)/p is the average poverty gap of the lOOp% poorest 
individuals. Typical CPG curves are shown in the upper panel of Figure 2. For 
values of p greater than F(z), the CPG curve saturates and becomes horizontal. 

G(p; z) zp 

A 
DA2(Z) .................... ............. 

p 

GLB 

GL(P) GLA 

CA(1, Z) /b 
G.B(q z) 

Z2 

q DA'(Z) p 

FIGURE 2. CPG and generalized Lorenz curves. 
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Since F(Z) = D'(Z), the abscissa at which the curve becomes horizontal is the 
headcount ratio. The ordinate for values of p such that F(z) <p < 1 is readily 
seen to be D2(z), the average poverty gap. 

To make the link with second-order stochastic dominance, we quote a result 
of Jenkins and Lambert (1997) and Shorrocks (1998). They show that, for two 
distributions A and B and a common poverty line z, it is necessary and 
sufficient for the stochastic dominance of A by B at second order up to z that 
GA(P; Z) > GB(P; Z) for all p E [0, 1]. The more general case with different 
poverty lines can be easily derived from Theorem 2 in Shorrocks (1983). Using 
Shorrocks' result, we find that poverty is greater in A than in B according to all 
indices in the class p2 if and only if the CPG curve for A (using ZA) everywhere 
dominates the CPG curve for B (using ZB).12 

CPG curves can be related to generalized Lorenz curves GL(p), defined by 
(see Shorrocks (1983)): 

GL(p)= fQP ydF(y) 

It is clear from this definition and (11) that G(p; z) = zp - GL(p) for p < D1(z). 
Thus, as shown in Figure 2, for p < D1(z), G(p; z) is the vertical distance 
between the straight line zp with slope z and GL(p). When G(p; z) saturates at 
p = D1(z), its derivative with respect to p vanishes, and so we see that, at 
p =D1(z),GL'(p) =z. Thus, for p ?D'(z),G(p; z) is the vertical distance be- 
tween the line zp and the tangent to GL(p) at p = D1(z). When we compare 
two distributions, A and B, this link between GL(p) and G(p; z) shows that the 
critical second-order poverty line z2 defined in (7) is given by the slope of the 
line that is simultaneously tangent to both of the generalized Lorenz curves, at 
points a and b in Figure 2. This follows because, as can be seen in the figure, 
the vertical distances between the line z2p and the two generalized Lorenz 
curves at the points at which their slopes equal z2 are equal. Since these 
distances equal D2(z2), the result follows. 

A popular class of poverty measures that are linear in incomes can be easily 
obtained from G(p; z). To see this, consider the class of indices 0(z) that 
measure a weighted area beneath the CPG curve 

(12) 0(z) = Z fqz 0)(p)G(p; z)dp 

for various choices of the fuinctions T), q(), and 0( ). 0(z) is linear in incomes 
since G(p; z) is itself a linear (cumulative) function of incomes.'3 Sen's (1976) 
index is given by setting 0(p)=2, T(z)=D1(z), and q(z)=Dl(z) 0(p)=2, 
T(z) = D (z), and q(z) = 1 yield the Takayama (1979) index. 0(p) = 2, r(z) = 1, 
and q(z) = 1 give Thon's (1979), Shorrocks' (1995), and Chakravarty's (1997) 

12See also Jenkins and Lambert (1998) for an extension of this to generalized poverty gap indices. 
13 This is analogous to the definition of linear inequality indices in Mehran (1976). 
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poverty indices. Kakwani's (1980) index is obtained with 

0(p) = (k(k + 1))(D'(z) _p)k- l/(D1(Z))k 

with k > O, T(z) = 1, and q(z) = D1(z). More generally, we can define any linear 
poverty index 0(z) by defining 0(p) as some particular nonnegative function of 
p. As for the FGT indices, we might also wish to infer the restricted rafiges 
[z-, z+] over which the additive or linear indices A(z) and 0 (z) show more 
poverty in A than in B. 

In the literature on the measurement of poverty, the poverty gap (4) is 
sometimes normalized by the poverty line.14 For this, absolute poverty gaps 
g(z, y) are replaced by relative poverty gaps"5 g'(z, y) = g(z, y)/z, in the defini- 
tions of the poverty indices found in (5). We define classes P,Y of relative poverty 
indices analogously to the classes P', with g'(z, y) in place of g(z, y). The 
stochastic dominance conditions are obviously unchanged if poverty lines are 
common. It can be seen that there will be more poverty in A than in B for all 
indices in PBS if and only if 

D)(ZAX) D'(zBx) 
(13) > - 

ZA ZB 

for all x E [0, 1]. The theoretically equivalent p-approach for class P,.1 is given 
by checking whether 

(14) (ZA 
-QA(P))?+ (ZB -QB(P))+ ?0. 

ZA ZB 

For second-order dominance, the p-approach can be derived by redefining the 
CPG curve in terms of relative poverty gaps as follows: 

(15) G (P) J= ( (z - Q(q)) ) dq 

and checking whether GA(p) - GB(p) ? 0 for all 0 <p < 1" 
Finally, for indices of relative inequality, observe that Ds(x) can be used to 

check both equality and welfare dominance when means are the same. When A 
and B have different means, HA and MB say, we can study equality dominance 
by comparing the mean-normalized distributions FA(xbtA) and FB(XbtB)."7 This 
implies checking whether 

Ds( A X) Ds(f B X) 
(16) s- 

-AX 
?0 

14It is not clear that this is desirable when poverty lines differ across groups or societies; see 
Atkinson (1991, p. 7 and footnote 3). 

15 For a discussion of absolute versus relative poverty gaps and indices, see Blackorby and 
Donaldson (1978, 1980). 

16See also Jenkins and Lambert (1998). 
17This is also discussed in Foster and Shorrocks (1988c), Foster and Sen (1997), and Formby, 

Smith and Zheng (1998). 
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for all x ? 0. For s = 2, this is equivalent to checking Lorenz dominance. 
Similarly to z5, we can define critical common proportions xs of the respective 
means up to which condition (16) is met at a given order s. When Lorenz curves 
cross, x2 will give the slope of the line that is simultaneously tangent to both of 
the Lorenz curves.18 

3. ESTIMATION AND INFERENCE 

Suppose that we have a random sample of N independent observations yi, 
i = 1..., N, from a population. Then it follows from (2) that a natural estimator 
of D"(x) (for a nonstochastic x) is 

(17) Ds(x) ls 1_ dF(y) 

1 N 

- ~~~f (x -yi)s- II(yi ?x) 
N(s - 1)! i = I 

1 N 

N(s - 1)! i+= 

where F denotes the empirical distribution function of the sample and I() is an 
indicator function equal to 1 when its argument is true and 0 otherwise. For 
s = 1, (17) simply estimates the population CDF by the empirical distribution 
function. For arbitrary s, it has the convenient property of being a sum of IID 
variables. 

When comparing two distributions in terms of stochastic dominance, two 
kinds of situations typically arise. The first is when we consider two independent 
populations, with random samples from each. In that case, 

(18) var( DS(x) -iDs(x')) = var(D(x)) ?var(Db(x')). 

The other typical case arises when we have N independent drawings of paired 
incomes, y(A and y1B, from the same population. For instance, yiA could be 
before-tax income, and yB after-tax income for the same individual i, i = N. 
The following theorem allows us to perform statistical inference in both of these 
cases. 

THEOREM 1: Let the joint population moments of order 2s - 2 of y A and yB be 
finite. Then N172(Dk(x) - Dk(x)) is asymptotically normal with mean zerb, for 
K = A, B, and with asymptotic covariance stiucture given by (K, L A, B) 

(19) lim NCOV( DK() DL(X) 

((- 
u fE((xog t + (X a Y i n F 2L 

IsThe argumeint for this is analogous to that used above in discussing Figure 2. 
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PROOF: For each distribution, the existence of the population moment of 
order s - 1 lets us apply the law of large numbers to (17), thus showing that 
Ds(x) is a consistent estimator of DS(x). Given also the existence of the 
population moment of order 2s - 2, the cental limnit theorem shows that the 
estimator is root-N consistent and asymptotically normal with asymptotic covari- 
ance matrix given by (19). This formula clearly applies not only for yA and yB 
separately, but also for the covariance of Ds and DB. 

If A and B are independent populations, the sample sizes NA and NB may be 
different. Then (19) applies to each with N replaced by the appropriate sample 
size. The covariance across the two populations is of course zero. Q.E.D. 

REMARKS: This theorem was proved for the case of independent samples as 
early as 1989 in an unpublished thesis (Chow (1989)). The sampling distribution 
of the related estimator AS(x) (see (8)) with a fixed x and independent samples 
is also found in Kakwani (1993), Bishop, Chow, and Zheng (1995), and Rongve 
(1997). For a different approach to inference on stochastic dominance, see 
Anderson (1996). 

The asymptotic covariance (19) can readily be consistently estimated in a 
distribution-free manner by using sample equivalents. Thus DS(x) is estimated 
by DS(X), and the expectation in (19) by 

I N 
(20) - ( A ) L )S-I 

If B does dominate A weakly at order s up to some possibly infinite threshold 
z, then, for all x < z, DA(x) - Ds(x) ? 0. There are various hypotheses that 
could serve either as the null or the alternative in a testing procedure. The most 
restrictive of these, which we denote H0, is that DA(x) -Ds(x) = 0 for all x < z. 
Next comes HI, according to which DA(x) -DsB(X) ? 0 for x <z, and, finally 
H2, which imposes no restrictions at all on D)1(x) - Ds(x). We observe that 
these hypotheses are nested: Ho c HI c H,. 

McFadden (1989) proposes a test based on supw ? (Ds(x)- D(x)) for the 
null of Ho against HI. For s = 1, this turns out to be a variant of the 
Kolmogorov-Smirnov test, with known properties, for the identity of two distri- 
butions. Of higher values of s, McFadden considers only s = 2. Although it is 
easy to compute the statistic, its asymptotic properties under the null are not 
analytically tractable. However, a simulation-based method can provide critical 
values and P values. 

In Kaur, Prakasa Rao, and Singh (1994) (henceforth KPS), a test is proposed 
based on the minimum or infimum of the t statistic for the hypothesis that 
DA(x) -Ds(x) = 0, computed for each value of x < z. The minimum value is 
used as the test statistic for the null of nondominance, H2\HH, against the 
alternative of dominance, H1. Since the test can be interpreted as an intersec- 
tion-union test, it is shown that the probability of rejection of the null when it is 
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true is asymptotically bounded by the nominal level of a test based on the 
standard normal distribution. 

Both the McFadden and the KPS statistics are calculated as the extreme value 
of the possibly very large set of values computed for x = YiA and x = YjB for all 

i= 1,..., NA, = 1,..., NB. Other procedures make use of a predetermined grid 
of a much smaller number of points, xi say, for j=1,..., m, at which dj 
DA(xj) - Ds(xj), or some quantity related to it, like the t statistic considered 
above, is evaluated. The arbitrariness of the choice of the number of points m, 
and the precise values of the xj, is an undesirable aspect of all procedures of 
this sort. At the very least, it is necessary that the xi should constitute a grid 
covering the whole interval of interest. 

Howes (1993) proposed an intersection-union test for the null of nondomi- 
nance, very much like the KPS test, except that the t statistics are calculated 
only for the predetermined grid of points. Its properties are similar to those 
of KPS. 

The technique developed by Beach and Richmond (1985) allows us to test H1 
(dominance) against H2 (no restriction). The alternative is not the hypothesis 
that A dominates B. That hypothesis can of course play the role of H, and be 
tested similarly against H2. This technique was originally designed by Richmond 
(1982) to provide simultaneous confidence intervals for a set of variables 
asymptotically distributed as multivariate normal with known or consistently 
estimated asymptotic covariance matrix. It was extended by Bishop, Formby, and 
Thistle (1992), who suggested a union-intersection test of the hypothesis that 
one set of Lorenz curve decile ordinates dominates another. For a test of 
stochastic dominance, one can use the t statistics for the hypotheses that the 
individual dj, j = 1, ..., m, are zero. The hypothesis HI, which implies that they 
are all nonnegative, is rejected against the unconstrained alternative, H2, if any 
of the t statistics is significant with the wrong sign (that is, in the direction of 
dominance of B by A), where significance is determined asymptotically by the 
critical values of the Studentized Modulus (SMM) distribution with n and an 
infinite number of degrees of freedom. 

None of the tests discussed so far makes use of the asymptotic covariance 
structure provided by Theorem 1. As a result, they can be expected to be 
conservative, that is, lacking in power, relative to tests that do exploit that 
structure. Such tests, to date at least, all rely on a predetermined grid, on which 
stochastic dominance implies the set of m inequalities dj2 0. Methods^ for 
testing hypotheses relating to such inequalities are developed in Robertson, 
Wright, and Dykstra (1988), in the context of order-restricted inference. For our 
purposes, the relevant methods can be found in Kodde and Palm (1986) and 
Wolak (1989). Wolak provides a variety of asymptotically equivalent tests of Ho 
against HI, and of HI against H2, and provides the joint distribution under Ho 
of the statistics corresponding to the two tests. He also shows that this allows us 
to bound the size of the test asymptotically when HI is the null, because, for any 
nominal level, the rejection probability under H1 is maximized when Ho is 
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true.19 The test of Ho against H, is of less interest, and in any case it is a 
perfectly standard test of a set of equality restrictions. 

A feature of the order restricted approach is that, if n is large, the mixture of 
chi-squared distributions followed by the test statistics under Ho can, as Wolak 
remarks, be difficult to compute. However, he also proposes a Monte Carlo 
approach that works independently of the magnitude of mn, and can be imple- 
mented with sufficient accuracy easily enough on present day computers. The 
necessary ingredient for any of these procedures is the asymptotic covariance 
structure of the dj. 

One should note that nonrejection of the null of dominance by either the 
Wolak or Bishop-Formby-Thistle approach can occur along with nonrejection of 
the null of nondominance by the KPS or Howes approach. This occurs naturally 
if the D2Q) functions for the two populations are close enough over part of the 
relevant range. Such issues, and many others, are investigated in a valuable 
recent paper of Dardanoni and Forcina (1999), who also consider hypotheses 
according to which more than two distributions are ranked by a stochastic 
dominance criterion. They emphasize the intrinsically conservative nature of the 
K-PS and Howes tests, and find that they are wholly lacking in power for 
comparisons with more than two distributions, although, as will be seen in our 
empirical illustration in Section 4, they remain useful with just two distributions 
when it is undesirable to infer dominance unless there is very strong evidence 
for it. 

Dardanoni and Forcina investigate, in a set of Monte Carlo experiments, the 
power gain achieved by the tests of Wolak and of Kodde and Palm relative to 
tests that do not take account of the covariance structure of the dj. They find 
that these are greatest when the dj are negatively correlated. Although this can 
occur naturally in comparisons of more than two populations, the usual case 
with only two is that they are positively correlated. Even so, they find that 
methods like Wolak's are often worth the extra computational burden they 
impose-this conclusion is borne out by the results in our empirical illustration. 
They also advocate the use of tests that combine the information in a test of Ho 
against H1 with that in a test of H1 against H2, bearing in mind that the 
statistics are not independent. Their very interesting analysis is however beyond 
the scope of this paper. 

In Theorem 1, it was assumed that the argument x of the functions Ds(x) was 
nonstochastic. In applications, one often wishes to deal with Ds(z - x), where z 
is the poverty line. In the next Theorem, we deal with the case in which z is 
estimated on the basis of sample information. 

19 Note, however, that in the more general context of arbitrary nonlinear inequality restrictions on 
the parameters of a nonlinear model, it is not necessarily true that the rejection probability is 
maximized at the point at which all the restrictions hold with equality: see Wolak (1991) for full 
discussion of this point. 
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THEOREM 2: Let the joint population moments of order 2s - 2 of y A and yB be 
finite. If s = 1, suppose in addition that FA and FB are diffeerentiable and let 
D?(x) = F'(X). Assume first that N independent drawings of pairs (yA, yB) have 
been made from the joint distribution of A and B. Also, let the poverty lines ZA and 
ZB be estimated by Z^A and Z^B respectively, where these estimates are expressible 
asymptotically as sums of iid variables drawn from the same sample, so that, for 
some finction A0), 

N 

(21) A =N A 
E (YA)?+ o(1) as N - oo, 

i=D 

1 

and similarly forB. Then N1"2(Dk(^K -x) -DK(ZK-x)),K=A,B, isasymptoti- 
cally noimal with mean zero, and with covariance structure given by (K, L =A, B) 

(22) lim N cov(Dk(K-X), DK L -X)) 
N oJ 

=OV( DsK ( ZKX) (K ( Y K ) +'Z ( X S-1) -1(K S-1 K=K + ((5 - )Y(z- 

DS-1(ZL _XI)JL(yL) + ((S - 1)!)(ZL -x y 

If yA and yB are independently distributed, and if NA and NB iid drawings are 
respectively made of these variables, then, for K = L, NK replaces N in (22), while 
for K # L, the covariance is zero. 

PROOF: See Appendix. 

REMARKS: The sampling distribution of the headcount when the poverty line 
is set to a proportion of a quantile is derived in Preston (1995), using results on 
the joint sampling distribution of quantiles. More generally, the sampling 
distribution of additive indices when the poverty line is expressed as a sum of iid 
variables is independently derived in Zheng (1997b) using the theory of U 
statistics. 

Estimates of the poverty lines may be independent of the sample used to 
estimate the Ds(z - x), as for example if they are estimated using different data. 
In that case the right-hand side of (22) becomes 

(23) DK (zK-x)Dsj'(ZL -x')cov(N172(2^K-ZK), N1/2(^L -Z)) 

+ cov(((s - 1)!) K _(z K S-1 

((s - 1) !)1(z_ Y- 

For indices based on relative poverty gaps, one needs the distribution of Ds(Z^x) 
for positive x; see (13) and (16). The result of Theorem 2 can be used by first 
eliminating the additive x in that result, and then replacing z^ by z^x. 
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The covariance (22) can, as usual, be consistently estimated in a distribution- 
free manner, by the expression 

N 

s((D ( - xI)A (KK(yiK) + ((s - K)! ) (ZK -X Y )S +) 
i 1 

xD(1L5(ZL -x')ZL(y) + ((s- 1)!)(ZL -X' Y )+ 

N 
- N-1 DK (ZK + ( ( - 1) (ZK XY )+ 

N 

xN- L ( DL ZL(2L -x') $LYiv!) + (Z(s - 1)!Y)(ZL X + 
i =1 

The most popular choices of population dependent poverty lines are fractions of 
the population mean or median, or quantiles of the population distribution. 
Clearly any function of a sample moment can be expressed asymptotically as an 
average of iid variables, and the same is true of functions of quantiles, at least 
for distributions for which the density exists, according to the Bahadur (1966) 
representation of quantiles. For ease of reference, this result is cited as Lemma 
2 in the Appendix. The result implies that Q(p) is root-N consistent, and that it 
can be expressed asymptotically as an average of iid variables. When the poverty 
line is a proportion k of the median, for instance, we have that: 

~(y=) -k ( I(yi < Q(0.5))-0.5) 

where 0(0.5) denotes the median. When z is k times average income, we have 

4(yi) = kyi. 

This iid structure makes it easy to compute asymptotic covariance structures for 
sets of quantiles of jointly distributed variables. 

For the purposes of testing for stochastic dominance, all the remarks follow- 
ing Theorem 1 regarding possible procedures continue to apply here. Only the 
asymptotic covariance structure is different, on account of the estimated poverty 
lines. 

We turn now to the estimation of the threshold z1 defined in (6). Assume that 
FA(x) is greater than FB(x) for some bottom range of x. If FA(x) is smaller than 
FB(x) for large values of x, a natural estimator z2I for z1 can be defined 
implicitly by 

FA( Zl) =FB( Zl). 

If FA(X) > FB(x) for all x < z, for some prespecified poverty line z, then we 
arbitrarily set 2^ = Z. If Z, is less than the poverty line z, we may define Z2 by 

DA 2 = Z2) 
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if this equation has a solution less than z, and by z otherwise. And so on for z2 
for s > 2: either we can solve the equation 

(24) D Z Ds( ZS), 

or else we set Z^s =z. Note that the second possibility is a mere mathematical 
convenience used so that z^2 is always well defined-we may set z as large as we 
wish. The following theorem gives the asymptotic distribution of zs under the 
assumption that zs < z exists in the population. 

THEOREM 3: Let the joint population momenits of order 2s - 2 of y A and YB be 
finite. If s = 1, suppose further that FA and FB are differentiable, and let D?(x) = 

F'(X). Suppose that there exists z5 < z such that 

DAs(ZS) = Ds (zs), 

and that DA(x) > Ds(x) for all x < z5. Assume that z5 is a simple zero, so that the 
derivative DAs (z5) - Ds- 1(z5) is nonzero. In the case in which we consider N 
independenit drawings of pairs (y A, YB) from one population in which y A and yB 

are jointly distributed, N 1/2(z^s - zs) is asymptotically normally distributed with 
mean zero and asymptotic variance given by: 

lim var(N"12(25 -zs)) = ((s - 1)!(DAs- (z5) -D Ds(z5))) 
N ---5o 

x (var(izs )+ ) + var((z5 YB)+ ) 

- 2cov (zs -Y )+v (Zs -Y )+ ) 

If Y A and yB are independently distributed, and if NA and NB iid drawings are 
respectively made of these variables, where the ;atio r NA /NB remains constant as 
NA and NB tend to infinity, then. N1"2(i^s- Z5) is asymptotically normal with mean 
zero and asymptotic variance given by 

var((z yA) 1) + rvar((z _yB)- 1) 

NA = ((s - 1)!(D- 1(z) - Ds 1(z)))2 

PROOF: See Appendix. 

REMARK: In this theorem, we assume that zs exists in the population, and is a 
simple zero of Ds(x)- D'(x). Since the DA K =A, B, are consistent estimators 
of the Ds, this implies that, in large enough samples, zs exists and is unique. In 
general, in finite samples, it can happen that, although z5 exists, the estimated 
curves DA(X) and Ds?(x) do not intersect. In such cases, our definition gives 
zs5 z, and no real harm is done. It may also happen that, even if no z5 exists, 
the estimated curves cross. In that case, the regularity condition of the theorem 
is not satisfied, and nothing simple can be said of the spurious estimate z2, 
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except of course that, in large enough samples, z^= z with high probability. 
Clearly, no asymnptotic approach can handle these awkward cases, because 
asymptotically the true situation in the population is reflected in the sample. 
The situation is in fact analogous to what happens with parametric models for 
which the parameters may be identified asymptotically but not by a given finite 
data set, or vice versa. 

The results of Theorems 1, 2, and 3 can naturally be extended to the additive 
poverty indices A(z) of (9) by using A(x) in place of D'(x), S(y, x) for 
((s - 1)!) (x -y)S+ 1, and A'(x) for Ds 1(x). 

In order to perform statistical inference for p-approaches, we now consider 
the estimation of the ordinates of the cumulative poverty gap curve G(p; z) 
defined in (11). The natural estimator, for a possibly estimated poverty line z^, is 

N 

G(p; z^) =N-l ( yi) +I(yi <Q^(p)) 
1 

where Q(p) is the empirical p-quantile. The asymptotic distribution of this 
estimator is given in the following theorem. 

THEOREM 4: Let the joint population second moments of y A and y B be finite, 
and let FA and FB be differentiable. Let ^A and ZR be expressible asymptotically as 
sums of iid variables, as in Theorem 2. If N independent drawings ofpairs (Y A, YB) 

are made from the joint distribution of A and B, then N1"2(GK(p; Z^) - GK(p; z)), 
for K = A, B, is asymptotically notmal with mean zero, and asymptotic covariance 
structure given by 

(25) lim Ncov(GK(P; K), GL(P; ZL)) 

= COV((I(yK ? QK(P))((ZK )+ (ZK QK(P)) ) 

+ (K(y )min(p, FK(ZK))), (I(Y < QL(P'))((ZL Y)+ 

- (ZL - QL(P'))+ ) + L(yL )min(p, FL(ZL)))). 

If Y 
A and yB are independently distributed, and if NA and NB iid drawings are 

respectively made of these variables, then, for K = L, NK replaces N in (25). For 
K # L, the covariance is zero. 

PROOF: See Appendix. 

REMARKS: If ^A and ZB are independent of the drawings (yA yB), then the 
right-hand side of (25) can be modified as in (23). The result of Theorem 4 for 
the special case of a deterministic poverty line and for independent samples can 
also be found in Xu and Osberg (1998). 

The arguments used in Theorems 1-4 can be used to obtain the asymptotic 
distribution of all those indices considered in the previous section not already 
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covered by the earlier theorems. First, when z is deterministically set to a level 
exceeding the highest income in the sample, Theorem 4 yields the sampling 
distribution of the generalized Lorenz curves, and of the ordinary Lorenz curves 
when we also take into account the asymptotic distribution of the sample mean 
A. Second, for the first-order p-approach, based on quantiles (see (10)), the 
asymptotic covariance structure is easy to derive because the quantiles can be 
expressed asymptotically as averages of iid variables, by Bahadur's Lemma, as 
can the estimated poverty lines, by (21). Third, for the indices based on relative 
poverty gaps, inference on the expressions in (13), (14), (15), and (16) can be 
performed by using the asymptotic joint distributions of objects like DS(X), Z - 
Q(p), z and ,u. Fourth, the asymptotic distribution of estimates &(z) of the 
general class of linear indices (12) can be readily obtained using the arguments 
of the proof of Theorem 4.20 Fifth, the asymptotic distribution of estimators of 
critical poverty lines z (for z = z-, z+) for the linear indices @(z) can be 
obtained from Theorem 3 by replacing (s - 1)-2var((zs - yK) 1) by 
limN-,Nvar(()K(z)) and Ds-j'(z) by Qj(z),K=A,B. Sixth, the asymptotic 
distribution of estimators of critical relative poverty lines xs in (16) can be 
derived from Theorem 3. Finally, the arguments found in the proof of Theorem 
3 can also be used to provide the asymptotic distribution of the abscissae above 
which quantile, Lorenz, Generalized Lorenz, or CPG curves cross. For Lorenz 
curves, for instance, this would give the asymptotic distribution of the maximum 
proportion of the population for which it can be said that the share of total 
income is greater in B than in A. 

4. ILLUSTRATION 

We illustrate our results using data drawn from the Luxembourg Income 
Study (LIS) data sets21 of the USA, Canada, the Netherlands, and Norway, for 
the year 1991. The raw data were essentially treated in the same manner as in 
Gottschalk and Smeeding (1997). We take household income to be disposable 
income (i.e., post-tax-and-transfer income) and we apply purchasing power 
parities drawn from the Penn World Tables22 to convert national currencies into 
1991 US dollars. As in Gottschalk and Smeeding (1997), we divide household 
income by an adult-equivalence scale defined as h05, where h is household size, 
so as to allow comparisons of the welfare of individuals living in households of 
different sizes. Hence, all incomes are transferred into 1991 adult-equivalent 
US$. All household observations are also weighted by the LIS sample weights 
"hweight" times the number of persons in the household. Sample sizes are 

20The statistical inference results for the special case of the Sen index with a deterministic 
poverty line can also be found in Bishop, Formby, and Zheng (1997). 

21See http://lissy.ceps.lu for detailed information on the structure of these data. 
2-See Summers and Heston (1991) for the methodology underlying the computation of these 

parities, and http://www.nber.org/pwt56.html for access to the 1991 figures. 



STOCHASTIC DOMINANCE 1453 

16,052 for the US; 21,647 for Canada; 8,073 for Norway; and 4,378 for the 
Netherlands. 

This illustration does not deal with important statistical issues. First, we 
assume that observations are drawn through simple random sampling. The LIS 
data, like most survey data, are actually drawn from a complex sampling 
structure with stratification, clustering, and nondeterministic inclusion rates.23 It 
would be possible, if messy, to adapt our methods to deal with complex sampling 
structures, provided of course that the design was known. Second, negative 
incomes are set to 0. This procedure, however, affects no more than 0.5% of the 
observations for all countries considered here. Finally, we ignore the measure- 
ment errors due to contaminated data; see Cowell and Victoria-Feser (1996) for 
a discussion of how to minimize the consequences of these. 

Table I shows the estimates D1(x) and D12(x) for the selected countries and 
for poverty lines varying between US $2,000 and US $35,000 in adult-equivalent 
units, along with their asymptotic standard errors. For the purpose of compar- 
isons, since the samples for the different countries are independent, asymptotic 
variance estimates for the differences DS(X) - Ds (x) are obtained by adding the 
variance estimates for countries A and B. Comparing the US with the other 
countries, we find that first-order dominance never holds everywhere in the 
samples. 

It can be seen from the data for s = 1 that, with a conventional significance 
level of 5%, Canada has a significantly lower headcount ratio for all x less than 
or equal to $25,000 (that is, a poverty line of $50,000 for a family of 4); in other 
words, Canada has less poverty than the US for all poverty lines equal to or 
below $25,000, and for all Pl poverty indices. The American headcount is 
significantly lower than that of Norway only for those x no greater than $15,000. 
As for the Netherlands, its headcount is initially significantly greater than that of 
the US (for x equal to $2,000), it is lower than for the US for x between $4,000 
and $8,000, and it is greater again subsequently. These results mean that, by use 
of Howes' intersection-union procedure, the null of nondominance of the US by 
Canada can be rejected at the 5% level for all poverty lines up to $25,000. The 
corresponding hypotheses for Norway and the Netherlands cannot be rejected. 
The null of dominance of the US by Canada, on the other hand, cannot be 
rejected by the Bishop-Formby-Thistle (BFT) union-intersection procedure until 
a poverty line of $35,000. By use of the Wolak procedure, a similar but more 
precise result is obtained. The Wald test statistic of Kodde and Palm was 
calculated for the set of incomes given in Table I up to $30,000 and up to 
$35,000. The weights for the mixture of chi-squared distributions were obtained 
by running 10,000 simulations, and P values were calculated. The P value is 
0.71 for the null of dominance of the US by Canada up to $30,000, but only 
0.0001 up to $35,000. 

23See Cowell (1989) and Howes and Lanjouw (1998) for the consideration of such issues in 
applied distributional analysis. 
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TABLE I 

HEADCOUNTS AND AVERAGE POVERTY GAPS FOR VARIOUS POVERTY LINES 

x USA Canada Norway Netherlands 

0.0184 0.0071 0.0059 0.0234 
2000 (0.001) (0.0006) (0.0009) (0.002) 

23.0 8.7 8.5 34.7 
(1.5) (0.8) (1.3) (3.7) 
0.0461 0.0162 0.0122 0.0332 

4000 (0.002) (0.0009) (0.001) (0.003) 
81.2 31.4 27.4 90 
(3.7) (2.0) (3.2) (8.2) 
0.104 0.042 0.026 0.061 

6000 (0.002) (0.001) (0.002) (0.004) 
227.7 86.7 64.7 177.4 

(6.9) (3.7) (5.6) (13.4) 
0.176 0.089 0.086 0.159 

8000 (0.003) (0.002) (0.003) (0.006) 
505.5 216.8 172.1 374.8 
(11.1) (6.2) (9.1) (19.8) 

0.250 0.149 0.173 0.310 
10000 (0.003) (0.002) (0.004) (0.007) 

933 453 429 843 
(16) (10) (14) (28) 
0.451 0.366 0.511 0.660 

15000 (0.004) (0.003) (0.006) (0.007) 
2694 1714 2101 3313 
(31) (21) (33) (54) 
0.625 0.584 0.796 0.856 

20000 (0.004) (0.003) (0.004) (0.005) 
5397 4112 5447 7153 
(45) (33) (50) (74) 
0.761 0.751 0.927 0.944 

25000 (0.003) (0.003) (0.003) (0.003) 
8884 7478 9811 11702 
(58) (44) (60) (85) 
0.854 0.859 0.970 0.973 

30000 (0.003) (0.002) (0.002) (0.002) 
12941 11531 14581 16506 
(60) (53) (65) (92) 
0.908 0.923 0.984 0.985 

35000 (0.002) (0.002) (0.001) (0.002) 
17362 16004 19468 21410 
(75) (58) (69) (97) 

Notes: The first item in each box is D1(.): benieath is its asymptotic standard error. Next is 
D (v), with its asymptotic standard error uinderneath. All amounts are in 1991 adult-equiv- 
alent US$. Data are for 1991, froim- the LIS data base. 

For s = 2, the major difference from the results for s = 1 is that Canada now 
dominates the US for all values of x in the samples, and significantly so, so that 
Howes' procedure rejects the null of nondominance at order 2. Since there is 
dominance in the sample, both the BFT and the Wolak method fail to reject the 
null of dominance. As for Norway, the initial range of values of x for which the 
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US is dominated at second order is (as expected) larger for s = 2 than for s = 1. 
Compared to the US, the Netherlands have a significantly greater average 
poverty gap for x= $2,000, a statistically indistinguishable average poverty gap 
for x= $4,000, a lower one for x between $6,000 and $10,000, and a greater 
average poverty gap for x above $15,000. For both Norway and the Netherlands 
compared with the US, nondominance at second order is not rejected by the 
Howes procedure, and dominance is rejected by the BFT procedure. In this 
case, since the conclusions are clear, it is unnecessary to go to the trouble of 
using the Wolak procedure. The comparison of Canada and Norway, however, is 
less clear. By use of Wolak's procedure for x= $5,000 and x= $10,000, over 
which range Norway dominates Canada in the sample, the P value for the null 
that Canada dominates Norway is 0.078, so that the null cannot be rejected at 
the 5% level. If the income range is extended to $15,000, the P value grows to 
0.14. If it is extended all the way to $35,000, the P value is 0.40. The closeness at 
the bottom of the range does of course rule out rejection of nondominance by 
Howes' procedure. 

Table II shows estimates of the thresholds zs for dominance relations, and 
[zy, z+] for restricted dominance relations, between the US and the other three 
countries for s = 1,2,3,4. Not surprisingly, we find that Canada stochastically 
dominates the US for s= 1 up to a censoring threshold of $27,840, with a 
standard error on that threshold of $1,575. For higher values of s, Canada 
dominates the US everywhere up to an arbitrarily large threshold. For Norway, 
dominance up to $35,000 is attained for s = 4, but with a threshold income 
barely significantly greater than $35,000. Regarding the comparison of the 
Netherlands and the US, we can conclude that there is first-order dominance of 
the US for all poverty lines below $2,958 (with a standard error of $193), that 
there is restricted first-order poverty dominance by the Netherlands over the US 
for poverty lines between $2,958 and $8,470, and restricted first-order domi- 
nance by the US over the Netherlands for poverty lines above $8,470 (with a 
standard error of $203). Similar results hold for higher values of s. 

TABLE II 

ESTIMATES OF THE THRESHOLDS Zs FOR DOMINANCE BY THREE COUNTRIES OVER THE US 

Netheirlands 
Canada Norway [z-, z.' ] 

s = 1 27840 13190 [2958,8470] 
(1575) (197) (193) (203) 

s = 2 19708 [4504,11095] 
(389) (486) (389) 

s = 3 28051 [6128,13835] 
(791) (741) (716) 

s = 4 37533 [7839,16530] 
(1299) (1071) (1145) 

Notes: Asymptotic standard errors in parentheses. All amotunts are in 1991 adtult-equivalent US$. Data are for 
1991, from the LIS data base. 
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TABLE III 

POVERTY RANKING OF THE US, CANADA, AND THE NETHERLANDS 

WITH POVERTY LINE OF HALF MEDIAN INCOME 

s = I s =2 

Most Medium Least Most Medium Least 
x Poverty Poverty Poverty Poverty Poverty Poverty 

USA CAN NL USA CAN NL 
7000 0.012 0.0070 0 10.2 8.2 0 

(0.001) (0.0006) - (1.1) (0.8) - 
USA NL CAN USA CAN NL 

6000 0.020 0.012 0.0108 26.1 17.3 3.1 
(0.001) (0.002) (0.0007) (2.1) (1.4) (0.8) 

USA NL CAN USA CAN NL 
5000 0.030 0.021 0.016 50.0 30.4 18.8 

(0.002) (0.002) (0.001) (3.4) (2.1) (2.5) 
USA CAN NL USA CAN NL 

4000 0.050 0.027 0.024 88.9 51.2 41.0 
(0.002) (0.001) (0.002) (5.3) (3.0) (4.6) 
USA CAN NL USA CAN NL 

3000 0.077 0.041 0.028 152.1 84.2 67.4 
(0.003) (0.002) (0.003) (7.7) (4.2) (6.8) 

USA CAN NL USA CAN NL 
2000 0.110 0.065 0.035 245 136.1 99.1 

(0.004) (0.002) (0.003) (11) (5.8) (9.3) 
USA CAN NL USA CAN NL 

1000 0.144 0.088 0.045 372 211.6 139 
(0.004) (0.002) (0.004) (14) (7.7) (12) 
USA CAN NL USA CAN NL 

0 0.181 0.116 0.067 534 312.8 194 
(0.005) (0.003) (0.005) (18) (9.9) (15) 

Notes: Rankings based on D'(z- x) for s= 1, 2. Asymptotic standard errors in parenitheses. All amounts are in 1991 
adtilt-equivaleint US$. Data are foi 1991, from the LIS data base. 

Table III illustrates poverty rankings for the US, Canada, and the Nether- 
lands when the poverty line is set to half median income in each country. Even 
without use of the Wolak procedure, it can be seen, for s= 1, that the null 
hypotheses of dominance of the US by Canada or by the Netherlands cannot be 
rejected, and that by Howes' procedure the null of nondominance of the US by 
the other two countries can be rejected. Hence, there is more poverty in the US 
than in any of the other two countries for all Pl indices, at poverty lines equal 
to half of median income and for all other pairs of lower poverty lines such that 
the absolute difference between the two poverty lines remains constant. For 
s = 1, the rankings of Canada and the Netherlands switch twice as x approaches 
0. For s = 2, however, poverty becomes everywhere significantly greater (except 
perhaps for x = $4,000 and x=- $3,000) in Canada than in the Netherlands. 
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APPENDIX 

LEMMA 1: If B dominates A for s = 1 up to sonme w > 0, withi strict dominance over at least part of 
that range, theni for any finzite thieshold z, B dominates A at order s tip to z for s slfficiently laige. 

PROOF: We have FA(x) - FB(x) 2 0 for 0 < x < w, with strict inequality over some subinterval of 
[0, w]. Thus 

f(FA(Y) - FB(y))dy a > 0. 
0 

We wish to show that, for arbitrary finite z, we can find s sufficiently large that D (x) - Ds(x) > 0 
for x ? z, that is, 

(26) | --) (dF(y) - dFB(y)) >0 

for x < z. For ease in the sequel, we have multiplied DS(x) by (s - 1)!/xs 1, which does not affect 
the inequality we wish to demonstrate. 

Now the left-hand side of (26) can be integrated by parts to yield 

-i f(FA(Y)FB(Y))(1-) dy. 

We split this integral in two parts: the integral from 0 to w, and then from w to x. We may bound 
the absolute value of the second part: Since I FA(y) - Fg(y)I < 1 for any y and 1 - y/x 2 0 for all 
y < x, we have 

(27) |5 f (F-(Y)F(Y (-) dy< 1-x) dy s 

For the range from 0 up to w, we have, for s 2 2, 

s-1 w( f y\S- 2 s-i1 W s-2 IV 
(28) xf (F -F x dy x x- (Fd)-JFB(y))dy A (Y) B 

(YiII''Ak AI'nY)J 

a(s-1) w s-2 

Putting (27) and (28) together, we find that, for x > w, 

x( y s-1 a(s-1) - i\S-2 - w)- 1 
(29) | 1- - W (dF y)dFB ( y)) >2 1-- 

- 
1 - - 

W- Ws-2 a(s-1) W 
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If we choose s to be greater than 1 + (z - w)/a, then, for all w ? x < z, (a(s - 1) + w)/x - 1 > 0. 
Thus for such s, the last expression in (29) is positive for all w < x ? z. For x < w, the dominance at 
first order up to w implies dominance at any order s > 1 up to w. The result is therefore proved. 

LEMMA 2: (Bahadur (1996)): Suppose that a popuilation is characterized by a twice differentiable 
distribution fiuinction. F. Thzeni, if the p-quanztile of F is denzoted by Q( p), and the samnple p-quantile fionm a 
sample of N inidependenit drawinigs yi fiom F by Q(p), we have 

N 

QW - QW - - P)) E MIyj < Q(p)) - a) + O(N-3/4 (log WI 4) 
Nf(Q(p)L((y) ())-a 

whiere f = F' is the denisity. 

PROOF OF THEOREM 2: For distributions A and B, we have 

(s- 1)!D5's(z-x)= fA(2-x-y)s dF(y) and 

(s - 1)!D(z -x) = x (z -x -y)s- dF() 

Thus 

(30) (s- 1)!(D(z-x)-D`(z-x)) 

f-.x(( ^-x -y)8 - (Z-x y)S - )dF(y) 

f (z-\ x )s 1d(F -F)(y)+ J (z -x -y)' 'dF(y) 

+ x(( x y)s- 1 - (z -x -)y 1)Id(F - F)(y) 

+ f ((z x -y), - (z-x _)S ')dF(y) 
0 

+ f (z -x-y)Y- d(F-F)(y). 

It follows from (21) that z - z = O(N /2), and by standard properties of the empirical distribution, 
F - F = O(N- 1/9) Thus the first two terms and the fourth are of order N- 1, and the others are of 
order N-1/9 

The third term can be expressed as 

fX(z - x - y)s- dF(y) 
Z ZlI s - 1dF(z-x-it) = O(N s/2), 

z-x 0 

from which we see that it contributes asymptotically only if s 1. In that case, the term is 

F(z -x) - F(z - x) D?0(z -x)(z -z) + 0(N1), 

since we made the definition Do F'. 
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The fifth term is obviously zero for s = 1. For s > 1, it can be expressed as 

s-2 

(31) (-z) L E ( _X_y)k(Z_X_Y)s2 dF(y) 
0 k=0 

= Zz-(s 1.)Z _ x_y)x dF(y) + O(N -) 
0 

= (2- z)(s - 1)!Ds- '(z-x) + O(N'). 

We see that expression (31) seives for the fifth term when s > 1 and for the third when s = 1. 
Finally, the sixth term is 

-x ~~~~~N 
f (z-xy)s 'ld(F-F)(y) = N ((z-x-yi)"V1 -E((z-x-y).+ 1)), 

and so it is the average of N iid variables of mean zero. Multiplying (30) by N1/2, we see that 

(32) Nl/2(Ds(i - X) - DS(z - x)) 

Ds- '(z - x)N'l2(i - z) 

1 N 
+ N 1 ((z -x -Y)`1 E((z - x - 1)) 

(s -i)! + 

The result of the theorem follows from (32) by simple calculation. 

PROOF OF THEOREM 3: Consider the general problem in which, for some population, a value z is 
defined implicitly by h(z) = 0, where the function h is defined in terms of the population 
distribution. For instance, if Q(p) is the p-quantile of a distribution with cdf F, we have 
F(Q(p)) = p, and we can set h(z) = F(z) - p. 

For zS5 the defining relationship, in terms of the populations A and B, is D (z5) = D"(z,), with 
D (x) > Ds(x) for all x < z. Thus we set h(x) = DA(x) - Ds(x). According to (24), i, is defined in 

terms of h(x) - DA(x) - L s(x). Under the assumption that z, exists in the population and is less 
than the poverty line z, z? is clearly a consistent estimator of z, and, in particular, we iieed not 
consider the possibility that is= z, since this will happen with vanishingly small probability as 
N -oc. 

The proof is similar for all values of s, and so we drop s from our notations. Since h(z) = 0, we 
have by Taylor expansion that 

(33) h(2) = h'(i)( - z) 

for some z such that I z - z I < I 2 - z 1. We will show later that 

(34) h(Z) +h(z) o(N-1/2) 

It was assumed that h'(z) 0 0, and, in fact, since hI(x) > 0 for x <z, and h(z) = 0, it follows that 
h'(z)<0. Since z--z as N -oc, we have that i-zz as N -co as well. Thus for large enough 
N, h'(z) s 0. It follows from (33) and (34) that 

h( z) 
(35) Z-Z=-h' +o(N 

Suppose first that the populations A and B are independent, and that we have NA, drawings from 
one and NB drawings from the other. For the purposes of the asymptotic analysis, we assume that 
the ratio r = NA /NB remains constant as NA and NB tend to infinity. We have that 

E((z -y A)J+ 1) = (s - 1)!DAs(z) = (s - 1)!D(z) = E(z-yB)+ 
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because 1z(z) = 0. It follows that 

(36) NAI(z= 1 (h ((Z- )+ E((Z 
(s -i)! I A'+~((~i 7 +E(~A)?) 

N11 
-Z1/2 NW1/2 L(Z _ ,P)s 1_E(Z- _yB)5 1) 

X = I 

The expression (36) consists of two independent sums of iid variables to which we may apply the 
central limit theorem since moments of order 2s - 2 are assumed to exist. It follows immediately 
that N h12h(Z) - 0(1) in probability, and, from (35), that z -z =(N-12 ). In addition, from (1), 

(37) 1'(z) = D,- '(z) - Di-g (z) 

If s = 1, (37) remains correct because we defined DO(z) =FA(z), the density associated with the cdf 
Ft. We now see from (35) and (36) that 

(38) lim var(N,~2(2 z)) var((z _yA ) ) + rvar((z YB)S 1) 

A ~~~~~~~-2 N, ,22 ((~~~DA~ (Z) -D'B (Z))(S 1)!) 

Next, suppose that we have N paired observations yj' and yR' from one single population. (36) 
continues to hold with NA = N and r = 1. However, the two sums of iid variables are no longer 
independent in general, and so (38) must be replaced by 

(39) lim var(N'/2(_-z)) 
N c 

var((z -A)< ) + var((z _B)S l) - 2cov((z YyAY? ( B)S 1) 

((DA~ '(z) -DR (z))(s -1)!) 

It remains to prove (34). Note that, because hA(z^) = h(z) = 0, 

(40) - (h1(z) + /(Z)) = k(Z) - h(z) - (() - h(z)). 

Consider the expression 

(41) h(z + (5) - h(z) - (h(z + 8) - h(z)) 

for nonrandom 8. In the case of just one population and N paired drawings of VA and y B, we can 
write 

h7(Z + 8)- h1(z) = 
N(s I?! lE(f - )+ (+ - )+ 

(Z -yA )' + 
(Z _)S B)| 

The expectation of this is h(z + 8) - h(z), and so (41) is the average of bounded iid variables with 
mean zero and finite variance of order 8 2. Consequently, by the central limit theorem, (41) times 
N'12 has mean zero and variance of order 8 2. Since 2 - z = O(N 1/2) in probability, it follows that 
(40) times N'12 tends to zero in mean square, and hence in probability. 

An exactly similar argument applies when there are two populations. 
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PROOF OF THEOREM 4: We have for both distributions A and B that 

(42) 6(p; Z f^ (z -y)I(y < 2)I(y < (p))df(y) 
0 

+ ( -z))f I(y < z^)I(y < O(p))clF(y). 
0 

The second term on the right-hand side of this is 

( - z)f(min(z, Q(p))) = (2- z)min(ft(z), p) = (2- z)min(F( z), p) + O(N- ), 

and the first term is 

fQ(P)(z-y) + clF(y) 
0 

This kind of integral can be expressed asymptotically as a sum of iid variables using a technique 
developed in Davidson and Duclos (1997). The term becomes 

N 

P(z - Q(p))+ + N- L I(yi < Q(p))((z -yi)+ -(z - Q(p))+) + O(N 1), 

which to leading order is a deterministic term plus an average of iid random variables. We can 
combine the two terms in (42) using (21) to get 

N 

(43) G(P; ZA) = P(Z - Q( p)) + + N-1 (I(yi < Q( p))((z- yi) +- (z- Q(p)) +) 

+ ( (Yi) - z)min(F(z), p)) + O(N- 1) 

If z is known and not estimated, we can just set ((yi) = Z, and the last term in the sum will vanish. 
It is easy to check that, whether z < Q(p) or z > Q(p), the expectation of the leading term of the 

above expression is just G(p; z). The fact that GA(p; Z4d ) and Gb(p; i,3) are sums of independently 
and identically distributed random variables with finite second moments leads to their asymptotic 
normality by the central limit theorem. The covariance structure is obtained by simple calculation. 

Q.E.D. 
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