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In measuring social deprivation in a multidimensional framework, ideally one should first 
measure each individual's overall deprivation, and then aggregate the overall deprivation 
levels of all individuals. However, given only aggregate data, one is often forced to measure 
social deprivation in terms of each attribute separately and then to aggregate them so as to get 
the overall social deprivation. This paper shows that it is only under extremely stringent 
conditions that this procedure would always yield the same result as the conceptually sound 
procedure referred to earlier. A similar difficulty also arises in measuring a society's standard 
of living. 

INTRODUCTION 

The purpose of this paper is to discuss a basic problem that arises when one 
seeks to measure either the deprivation or the standard of living of a society in 
a multidimensional framework on the basis of aggregate data. The analytical 
and intuitive structure of the problem in the case of the measurement of the 
standard of living is exactly similar to that in the case of the measurement of 
deprivation. Therefore in much of this paper we focus on the issue in the 
context of the measurement of deprivation, postponing to a later section the 
discussion of the issue in the context of the standard of living. 

Traditionally, deprivation has been measured on the basis of money 
income of individuals. (The problem of measuring deprivation in this sense is, 
of course, simply the standard problem of the measurement of poverty.) 
However, over the last two decades or so, Sen (1985, 1987) has advanced a 
number of powerful and persuasive reasons why it may be important to go 
beyond money income and to consider various 'direct' or 'real' indicators of 
the standard of living so as to get a more satisfactory measure of either the level 
of the standard of living or the level of deprivation in a society. Once we shift 
our focus from money income to direct indicators of the standard of living, we 
no longer have the convenience of a unidimensional measure, since, normally, 
we would have several important direct indicators or attributes (e.g. health, 
education and shelter). Given this multidimensional nature of the notion of the 
standard of living of an individual, what procedure should one adopt to 
measure the overall deprivation of a society? The conceptual framework of 
welfare economics would suggest that we proceed by first measuring the overall 
deprivation of each individual on the basis of that individual's achievements in 
terms of the different attributes, and then measuring the deprivation of the 
society by aggregating the overall deprivation levels of all the individuals in the 
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society. For convenience, we shall call this procedure Procedure I. (We discuss 
below a different procedure to be called Procedure II.) 

Though Procedure I seems to be warranted by the usual analytical 
structure of welfare economics, one often encounters problems in implement- 
ing it in practice. Very often, economists are faced with the task of measuring 
deprivation in a society on the basis of aggregate data, where they have the 
separate distribution of each attribute over the population rather than the joint 
distribution of all the relevant attributes over the population. 

An example may help clarify the nature of the problem that arises in this 
context. Suppose we have a society of three individuals, 1,2, and 3 and two 
attributes, health and education, that we consider to be relevant for the 
purpose of measuring deprivation. Further, suppose, for each of these two 
attributes, an individual can have three distinct levels of achievement: 0, ? and 
1. Then, ideally, for every individual i in the set {1,2, 3}, one would like to have 
data regarding i's achievement in terms of health and education. Given such 
information, one would first measure the overall deprivation of each 
individual, and then aggregate the levels of overall deprivation of the different 
individuals so as to get a measure of the overall deprivation in the society as a 
whole. The difficulty arises when we have only aggregate data, which give us 
information about the distribution of each attribute over the three individuals 
but not about the joint distribution of the attributes. Thus, aggregate data may 
tell us that, in terms of education, two of the three individuals have the 
achievement level of 0 and one individual has achievement level of ?. Similarly, 
aggregate data may tell us that, in terms of health, two out of the three 
individuals have the achievement level of I and one individual has the 
achievement level of 0. However, we may not have any information about how 
many individuals have the achievement level of 0 in terms of both health and 
education, how many individuals have the achievement level of 0 in terms of 
health and, simultaneously, the achievement level of ? in terms of education, 
and so on. Given data in this form, there is no way in which one can measure 
the overall deprivation of each individual, and then the deprivation of the 
entire society, on the basis of the overall deprivation levels of the different 
individuals. One is then tempted to attack the problem in a different fashion, 
by first measuring the social deprivation in terms of each attribute on the basis 
of the distribution of that attribute over the population in the society, and then 
aggregating the social deprivation levels in terms of the separate attributes, to 
arrive at a measure of the overall social deprivation. We shall call this method 
of arriving at a measure of social deprivation Procedure II. It may be recalled 
that, when confronted with the problem of constructing, on the basis of 
aggregate data, multidimensional 'human poverty indices' for different 
countries, the UN Development Program (1997) adopted Procedure II in its 
Human Development Report.' 

One can construct examples to show that Procedures I and II can yield 
different results (see Example 1). Therefore, a question of considerable 
analytical and practical interest that naturally arises in this context is the 
following. Under what conditions will Procedure II always arrive at the 
'correct' result that one would get if one had the joint distribution of 
the attributes over the population and one measured the overall deprivation of 
the society by Procedure I? This is the problem that we discuss in this paper. 
C The London School of Economics and Political Science 2003 
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We show that the conditions under which one would always get identical 
results from the two procedures described above-namely, the procedure of 
first finding the overall deprivation of each individual and then measuring the 
overall deprivation of the society (Procedure I), and the procedure of 
measuring social deprivation in terms of each attribute separately and then 
aggregating these separate measures so as to get the overall social deprivation 
(Procedure II)-are extremely stringent: the different aggregation functions 
need to have very specific and restrictive forms for the results to be always 
identical under the two procedures. This, of course, has rather depressing 
implications for the prospect of measuring multidimensional deprivation on 
the basis of aggregate data. If we believe that Procedure I provides the 
conceptually satisfactory route, then our result shows that, unless we believe 
that the aggregation functions appropriate for the two different stages have 
very specific (and rather naive) forms, we cannot hope to get the 'correct' 
measure of multidimensional social deprivation through Procedure II. 

The plan of the paper is as follows. In Section I we introduce some general 
notation and definitions. In Section II we pose the central problem of this 
paper in a precise fashion. In Section III we state our main result, and give an 
example to show that the results of Procedures I and II can vary by a 'wide' 
margin. We also state, without proof, two variants of our main result; one of 
these variants allows the function used in Procedure II to aggregate individual 
deprivations in terms of an attributes to vary from attribute to attribute. In 
Section IV we extend the results of the preceding section in two different ways. 
First, we relax a structural assumption underlying our earlier analysis and 
show that such a relaxation does not change the negative force of our results. 
Second, we show that exactly analogous results can be proved when we replace 
our requirement that Procedures I and II should always yield identical social 
deprivation indices by the requirement that Procedures I and II should yield 
identical rankings, in terms of social deprivation, of all possible situations. In 
Section V we show how our entire analysis can be extended to the 
measurement of multidimensional standard of living and prove two analogous 
results. Section VI concludes. 

I. SOME GENERAL NOTATION AND DEFINITIONS 

First, we introduce some general notation and definitions of certain properties 
of real-valued functions. 

Let R denote the set of all real numbers. Let k be a positive integer and K be 
the set {1, ..., k}. For all x E Rk, all jE K and all t e IR, let (x/{j}, t) denote the 
vector (xl,.., xj_ , t, xj+, ..., Xk). For every t E , v(t,k) will denote a k- 
vector such that each component of the vector is t. For all x, y CE Ik, and for all 
i c K, we say that x and y are i-variants iff [xi : yi; and xj = yj for allj E K - {i}]. 

Definition 1. Let k be a positive integer, and let f: [0, 1]k -4 [0, 1] be a strictly 
increasing function. f satisfies: 

(a) non-diminishing increments (NDI) iff, for all x, y E [0, 1]k, all jE {1, ..., k} 
and all t E [0, 1] such that xj + t E [0, 1] and yj + t E [0, 1], if [xi > yi for all 
i E {1, ..., k}], then f(x/{j}, xj + t) -f(x) >f (y/{}, yj + t) -f(y); 
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(b) symmetry iff, for all x,x' E[0, l]k and for every permutation a on 
K, [xj = x') for all j K] implies [f(x) =f(x')]. 

II. THE PROBLEM 

Consider a group of n (n > 2) individuals, 1, ..., n, and a group of m (m > 2) 
attributes, T1, ..., Tm. In what follows, we treat n and m as fixed. Let N denote 
{1, ..., n} and J denote {1, ..., m}. For all i E N and allj E J, let Zj E R+ denote 
the achievement of individual i in terms of attribute Ti, and let zj E R+ 
denote the 'deprivation benchmark'2 for individuals with respect to Tj: i is 
deprived in terms of Tj if and only if zj > ziy. For all i E N and allj E J, define ai 
as follows 

f 0 if zj > zj, 
aij 

(j - zi)/zj if zij < j. 

Thus, we have an n x m matrix, A = (ay) x m, which we will call the normalized 
deprivation matrix. The row vectors of the matrix will be denoted by 
ai(i = 1, ..., n), where ai = (ail, ..., aim); and the column vectors of this matrix 
will be denoted by aJ'(= 1, ..., m), where a = (aIy, ..., a,n). Thus, ai is the 
vector showing individual i's deprivation levels of different attributes, while ai 
is the vector showing the deprivation levels of the different individuals in terms 
of attribute Tj. 

We start with the following structural assumption: 

Assumption 1. The deprivation of the society depends exclusively on 

aij (i = 1, ..., n and m = 1, ..., m). 

Strictly speaking, Assumption 1 will not be needed for the purpose of our 
formal analysis. But it is a 'background' assumption that provides the intuitive 
basis for many of the formal definitions. Assumption 1 makes social 
deprivation exclusively dependent on the deprivations of the different 
individuals in terms of the different attributes. In Section IV we shall consider 
an objection to this assumption, and shall also show that relaxing the 
assumption so as to meet this objection does not change the substantive 
content of our main result, proved in a framework motivated by the 
assumption. 

Given Assumption 1, how do we derive the overall social deprivation from 

aj (i = 1, ..., n, and j= 1, ..., m)? The standard way of arriving at a measure of 
deprivation of the society is Procedure I, which is, first, to get, for each 
individual i, an index, di, of the deprivation of i by aggregating ail, ..., aim, and 
then to aggregate dl, ..., d, so as to arrive at an index of deprivation, d, for the 
entire society. Under Procedure I, one first uses a function g: [0, ]m --- [0, 1] to 
aggregate al, ..., aim, for each i E N (note that g is invariant with respect to i), 
and then one uses another function h:[0,1]" --[0,1] to aggregate 
d = g(a1l, ..., alm), ..., dn= g(an,, ..., anm). Thus, Procedure I uses two func- 
tions, g: [0, 1]m -- [0, 1] and h: [0, 1]" -- [0, 1], g being the function that gives 
us the overall deprivation of individual i once we know i's deprivation in terms 
of the different attributes, and h being the function that gives us the overall 
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deprivation of the society once we know the overall deprivation of each 
individual. Therefore, we can write the overall deprivation of the society as 
follows: 

d= h(g(ai 1 a), ..., a g(am), ..., g(an, , nm)). 

One would, of course, impose certain minimal requirements on g and h. 
Typically, one would assume the following. 

Assumption 2. g is continuous, strictly increasing in each of its arguments and 
satisfies NDI; further, g(v(0, m)) = 0 and g(v(l, m)) = 1. 

Assumption 3. h is continuous, symmetric, and strictly increasing; further, 
h(v(O, n)) = 0 and h(v(l, n)) = 1. 

Continuity of g, as well as continuity of h, is a reasonable and technically 
convenient property. It is intuitively compelling to require both g and h to be 
strictly increasing. In the context of Procedure I, for example, the requirement 
that g be strictly increasing in each of its arguments amounts to the restriction 
that, if an individual's deprivation goes up in one dimension, without any 
change in her deprivation in any other dimension, then her overall deprivation 
increases.3 In the context of Procedure I, the requirement that h be increasing 
in each of its arguments amounts to the restriction that, if the overall 
deprivation increases for some individual while the overall deprivation of each 
of the other individuals remains unchanged, the overall social deprivation must 
register an increase. NDI is a highly plausible property of g. To see what this 
property stipulates under Procedure I, consider an individual i and two 
different situations, 1 and 2, such that, i's deprivation in situation 2 is at least 
as high as i's deprivation in situation 1 in terms of every attribute. Suppose, 
starting with situation 1, that i's deprivation increases in terms of a single 
attribute, say Tk, by a given amount t, and, as a result i's overall deprivation 
increases by A1. Now suppose, starting with situation 2, that i's deprivation 
increases in terms of Tk by t, and as a result i's overall deprivation increases by 
A2. Then NDI requires that the increase, A2, in i's overall deprivation in the 
second case must be at least as high as the corresponding increase, A1, in the 
first case. Essentially, what this says is that the additional overall deprivation 
inflicted on an individual by a given increase in the individual's deprivation in 
terms of an attribute does not diminish as the individual becomes more 
deprived in terms of some attributes without becoming less deprived in terms of 
any attribute. This seems to us to be an intuitively compelling property of g. 
Incidentally, Assumption 3 does not impose NDI on h, but we find NDI an 
equally compelling property. (Later we introduce another assumption, 
Assumption 4.3, which imposes NDI on h.) The requirements that 
[g(v(0, m))=0 and g(v(l, m))= 1] and [h(v(0, n)=0 and h(v(l, n))= 1] are 
simply normalizations imposed on g and h. The symmetry of h, which requires 
h to treat all the individuals in the society in a symmetric fashion, is obviously a 
reasonable property. 

The problem that we discuss is this. Suppose we make Assumptions 2 and 
3. Then what are the necessary and sufficient conditions under which, for every 
normalized deprivation matrix (ai), ,, Procedure I will always yield the same 
deprivation index for society as Procedure II, so that we would have 
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h(g(al), ..., g(an)) = g(h(a ), ..., h(am))? The answer to this problem is provided 
by Theorem 1 in the next section. 

III. THE MAIN RESULTS 

Let G* be the set of all functions g*: [0, 1]m -- [0,1] that have the following 
property: 

there exist wl, ..., wm e]0, 1[ such that wl +... + w = 1 and for all x E [0, 1]m, 
g*(x) = Wl * Xl + * + m ' Xm. 

Let H* be the singleton set {h*} such that 

for all y E [O, 1]n, h*(y) = (y, +"- + y,)/n. 

Theorem l(a). Let (g, h) E G* x H*. Then g satisfies Assumption 2, h satisfies 

Assumption 3, and 

(1) h(g(al), ..., g(an)) = g(h(a 1), ..., h(am)), 

for every normalized deprivation matrix (aij). 

(b) Suppose g: [0, 1]m -- [0,1] satisfies Assumption 2, h: [0, 1]" - [0,1] 
satisfies Assumption 3, and (1) holds. Then (g, h) E G* x H*. 

Proof. See Appendix A. O 

Theorem 1 shows that, given Assumptions 2 and 3 and given equation 
(1), which essentially requires that Procedures I and II should yield the same 
index of overall social deprivation, the overall deprivation of an individual 
must be a weighted average of her deprivations in terms of the different 
attributes, and society's overall deprivation must be a simple average of the 
overall deprivation levels of the different individuals in the society. Thus, 
Assumptions 2 and 3 and the requirement (1), together, impose severely 
restrictive forms on both g and h. The implication for h is particularly 
disturbing, in so far as, in the presence of (1) and Assumptions 2 and 3, h 
becomes the counterpart of the (average) 'poverty gap' in the context of the 
measurement of income poverty and suffers from the same glaring defects as 
the 'poverty gap'. (For a discussion of the 'poverty gap' and its limitations, 
see Sen 1976.4) In particular, when h just takes the simple average of 
individual deprivations to be the measure of social deprivation, a reduction of 
6 in the deprivation of individual i, and a simultaneous increase of 6 in the 

deprivation of individual i' (with the deprivation levels of individuals other 
than i and i' being held constant), will leave the level of social deprivation 
constant no matter how much more deprived i' may be compared with i in the 
initial situation. As Sen (1976) has convincingly argued in the context of 
income poverty, this is an extremely unreasonable feature of any function 
that seeks to aggregate the deprivations of individuals in society so as to 
arrive at an index of social deprivation. The implication for g of (1) and 

Assumptions 2 and 3 is also implausible: when the overall deprivation of an 
individual is a weighted average of her deprivations in terms of the different 
attributes, the 'marginal rate of substitution' between her deprivations in 
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terms of any two attributes-say, health and education-remains the same, 
irrespective of the levels of these two different types of deprivation for her. 

Recall that Assumption 2, used in Theorem 1, requires g to satisfy NDI, 
but Assumption 3, also used in Theorem 1, does not impose NDI on h. What 
happens if we require NDI for h but not for g? Theorem 2 below shows that, if 
we do this, we get a result very similar to Theorem 1. 

Assumption 4. g is continuous and strictly increasing in each of its arguments. 
Further, g(v(0, m))= 0 and g(v(1, m)) = 1. 

Assumption 5. h is continuous, symmetric and strictly increasing in each of its 
arguments and satisfies NDI. Further, h(v(O, n)) = 0 and h(v(l, n)) = 1. 

Theorem 2(a). Let (g, h) c G* x H*. Then g satisfies Assumption 4, h satisfies 
Assumption 5, and equation (1) holds so that h(g(al), ..., g(an)) =g(h(al), 
..., h(a)), for every normalized deprivation matrix (aij). 

(b) Suppose g: [0, 1]m -- [0, 1] satisfies Assumption 4 and h: [0, 1]" - [0, 1] 
satisfies Assumption 5, and equation (1) holds. Then (g, h) E G* x H*. 

Proof. The proof is very similar to that of Theorem 1 and we omit it. ] 

Theorem 1 assumes that, under Procedure II, for every attribute, one uses 
the same aggregation function, h, to aggregate the individuals' deprivations in 
terms of the attribute. It may be argued that there is no compelling reason why 
one should not use different aggregation functions for different attributes 
under Procedure II. Theorem 3 below shows that a result similar to Theorem 1 
holds even when the aggregation rules are allowed to be different for different 
attributes under Procedure II. 

When, under Procedure II, the function for aggegating the individuals' 
deprivations in terms of an attribute can vary with the attribute, these 
functions are denoted by hj(j= 1, ..., m). We introduce the following 
assumption for this case. 

Assumption 6. For everyj E { 1, ..., m}, hj is continuous, symmetric and strictly 
increasing in each of its arguments, and satisfies NDI. Further, for every 
je {1, ..., m}, hj(v(O,n))= 0 and hj(v(l,n))= 1. 

Theorem 3(a). Let (g, h, h1, ..., hm) E G* x H* x ...x H*. Then g satisfies 
Assumption 4; h satisfies Assumption 5; hl, ..., hm satisfy Assumption 6; and 

(2) h(g(al), ..., g(an)) = g(h (a ), ..., hm(am)), 

for every normalized deprivation matrix (ai). 

(b) Suppose g: [0, i]m -- [0, 1] satisfies Assumption 4, h: [0, 1]" - [0, 1] 
satisfies Assumption 5, hj(i= 1, ..., m): [0, 1]" [0, 1] satisfy Assumption 6, 
and equation (2) holds. Then (g, h, hi, ..., hm) e G* x H* x ... x H*. 

Proof. The proof is very similar to that of Theorem 1 and we omit it. El 

Theorems 1, 2 and 3 tell us that, in general, unless the aggregation 
functions involved have some very restrictive forms, the results yielded by 
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Procedure II will sometimes deviate from those yielded by Procedure I. 
However, they do not tell us anything about the magnitude of such deviation. 
The following example shows that the gap between the result of Procedure II 
and that of Procedure I can be quite large. 

Example 1. Consider the following 3x3 normalized deprivation matrix (aij): 

0.33 0.33 0.00 

0.33 0.33 0.33 

0.00 0.00 0.33 

Consider functions g* [0, 1]3 - [0, 1] and h*: [0, 1]3 - [0, 1] such that, for all 
xE[0, 1]3, 

g*(x) = [(x? 3+ x + X )/3] (/3) 

and 

h*(x) = (xl + X2 + x3)/3. 

h* obviously satisfies Assumption 3, and g* satisfies Assumption 2. (g* is 
the function that was used by the UN Development Program (1997) to 
aggregate social deprivations in terms of the separate attributes to arrive at 
overall social deprivation.) Note that, for the above normalized deprivation 
matrix, h*(g*(al), g*(a2) g*(a3)) = 0.28, while g*(h*(al), h*(a2), h*(a3)) = 
0.22. Thus, the result of Procedure II diverges from that of Procedure I by as 
much as 21%. 

IV. SOME EXTENSIONS 

In this section we consider two different extensions of our results. The first 
extension shows that relaxing Assumption 1, a structural assumption under- 
lying our analysis so far, leaves our results basically unaltered. The second 
extension shows that it is possible to prove results exactly analogous to those in 
Section III, even when we replace the requirement that Procedures I and II 
should always yield the same social deprivation index with the requirement that 
the two procedures should yield identical rankings, in terms of overall social 
deprivation, of all possible normalized deprivation matrices. 

(a) Relaxation of Assumption 1 

A basic structural assumption underlying our analysis so far is Assumption 1, 
which requires the deprivation of the society to be determined exclusively by 
ai(i = 1, ..., n; j = 1, ..., m). Recall that aj has been defined in such a way that, 
whenever individual i's achievement, zij, in terms of Tj falls short of the 
benchmark level zj, ai records the shortfall as a fraction of zij, but when i's 
achievement in terms of attribute Tj exceeds the benchmark level, the over- 
achievement is ignored and au just takes the value 0. (We say that i is an over- 
achiever in terms of attribute Tj whenever zij> zj). Consider how this 
background assumption manifests itself in our Procedure I, formulated in 
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terms of the functions g and h. Under Procedure I, first, for every individual i, 
g aggregates ay(j= 1, ..., m) to arrive at i's overall deprivation level, 
di(di E [0, 1]); and, next, h aggregates the overall deprivation levels of the 
different individuals so as to determine the overall deprivation of the society. 
By the very definition of g, g does not allow i's overall deprivation di to be 
affected by a change in i's overachievement in terms of an attribute. Thus, if, to 
start with, zy > zj, then, under g, a change in Zj would never lead to a change in 
the value of di, so long as zy does not fall below zj. Consider the second step of 
Procedure I, where h is involved. Again, it is easy to see that, in seeking to find 
the level of social deprivation in the second stage of Procedure I, the very 
definition of h prevents one from taking into account the extent of overall over- 
achievement of any individual. Is this reasonable? Should one necessarily 
accept the relatively narrower informational base imposed by Assumption 1 
which ultimately motivates the definitions of g and h that we used earlier? In 
the literature on the measurement of income poverty, there seems to be a 
consensus that, in determining the poverty of a society, changes in the levels of 
income of the non-poor should not matter so long as, after the change, they 
continue to be non-poor. If we accept the intuition underlying this consensus, it 
would seem that, in determining social deprivation on the basis of the under- 
achievement or over-achievement of the different individuals, one should not 
allow social deprivation to be affected by changes in the achievement level 
of an individual so long as, both before and after the change, she is not an 
under-achiever. 

Thus, the intuition underlying our function h seems to be in conformity with 
the general consensus in the literature on the measurement of income poverty. 
The case is less obvious when it comes to the function g. One can argue that 
there is no reason why, other things remaining the same, a change in the level of 
over-achievement of an individual in terms of an attribute should not be allowed 
to affect the assessment of the overall deprivation of that individual. That is, one 
could argue that, given zi; > zj initially, there is no reason why a change in ziu 
should not change i's deprivation level, even when, after the change, i is not an 
under-achiever in terms of Tj. If one finds this argument plausible, then one 
might like to move away from our earlier framework which was dictated by 
Assumption 1. We explore the consequences of doing this by retaining the 
generally accepted intuition underlying our definition of function h, but relaxing 
the rigidity imposed by our definition of g. 

For all i E N and allj E J, let ri denote (zj 
- zi)/zij. Then rij coincides with 

aij when (zj - zi) > 0; but, when (zj 
- zi) < 0, rij takes a negative value, while aij 

takes the value 0. Intuitively, rij measures the (normalized) shortfall or over- 
achievement, as the case may be, of individual i in terms of attribute Tj. The 
n x m matrix R = (ry)n x m will be called the matrix of normalized excesses and 
shortfalls (MNES). Obviously, the maximum value that rij can take is 1, and a 
negative shortfall in some dimension denotes an 'excess' or over-achievement 
in that dimension. The row vectors of the MNES R = (ry)n x m will be denoted 
by ri(i= 1, ..., n), and the column vectors of R will be denoted by 
r(= 1, .., m). 

Assumption 7. The deprivation level of the society is determined exclusively by 
the MNES R =(rij) x m 
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Like Assumption 1, Assumption 7 is a general structural assumption, 
which will not be needed for the formal result of this section but will provide 
the intuitive motivation for the formal analysis. Let S denote the set of all real 
numbers not greater than 1. Instead of g and h defined earlier, we now have 
functions g' : Sm - [0, 1] and h': Sn -- [0, 1]. Intuitively, the role of g' in our 
analysis will be to derive: (a) under Procedure I, i's overall deprivation di on 
the basis of ri, for every individual i; and (b) under Procedure II, society's 
overall deprivation on the basis of the society's deprivation levels in terms of 
the different attributes, yielded by h'. Similarly, the role of h' will be to derive: 
(a) under Procedure I, the overall social deprivation on the basis of the 
individuals' overall deprivation levels yielded by g', and (b) under 
Procedure II, society's deprivation in terms of attribute Tj on the basis of 
rJ, for every attribute Tj. We shall make some assumptions regarding g' and 
h'. To state these assumptions, we first define certain properties of an 
uninterpreted function f: Rk --)[0, 1], where k is a positive integer greater 
than 1. 

Definition 2. Let K= {1,2, ..., k}. Let f be a function from k-- [0, 1]. f 
satisfies: 

(a) limited strict monotonicity (LSM) iff, for all q E K and all q-variants 
x, x' e Rk, if x' > Xq > 0, then f(x') >f(x); 

(b) insensitivity to changes in negative values of arguments (ICNVA) iff, 
for all q C K and all q-variants x,x' E Ik, [0>Xq and O > x] implies 
f(x) -f(x'). 

We shall make the following assumptions. 

Assumption 8. g' is continuous and satisfies LSM and NDI. Further, 
g'(v(O, m)) = 0 and g'(v(l, m)) = 1. 

Assumption 9. h' is continuous and symmetric, and satisfies LSM and ICNVA. 
Further, h'(v(O, n)) = 0 and h'(v(l, n)) = 1. 

In the context of Procedure I, LSM for g' essentially implies that, for 
every individual i and every attribute Tj, individual i's deprivation level 
increases if, initially, i is deprived in terms of attribute Tj, and his deprivation 
in terms of Tj increases subsequently, other things remaining the same. 
Somewhat similar, though distinct, interpretations can be given for the 
property of LSM for g' in the context of Procedure II and for the property of 
LSM for h' in the context of Procedures I and II. The intuition of NDI for g' 
is exactly similar to the intuition of NDI for g. The intuition of ICNVA for h' 
is best illustrated in the context of Procedure II. In this context, h' is used to 
determine, for every attribute Tj, society's deprivation in terms of Tj on the 
basis of individuals' levels of (normalized) over-achievements/under-achieve- 
ments in terms of Tj. What ICNVA seeks to capture here is our intuition that, 
when the over-achievement, in terms of Ti, of an individual i changes, 
society's deprivation in terms of Tj remains the same so long as the over- 
achievement of i in terms of Tj does not get changed to under-achievement. 
However, for reasons explained earlier in this section, we do not impose 
ICNVA on g'. 
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For all t E R, define y(t) as follows: 

0 if t<0 
-y(t) t-if t > O l t ift>0 

Let G'* be the set of all functions g'* : Sm - [0, 1] which have the following 
property: 

there exist wl, ..., Wm E]0, 1[, such that wl + .. + wm = 1, and, for all x E Sm, we 
have g'*(x) = wly(xl)+ + wmf(xm). 

Similarly, let H'* be the singleton set {h'*}, where h'* is a function from 
Sn - [0, 1] such that 

for all y E Sn, we have h'*(y) = [y(yi)+ + + 7(yn)]/n. 

Theorem 4(a). Let (g', h') e (G'* x H'*). Then g' satisfies Assumption 8, h' 
satisfies Assumption 9, and 

(3) for every MNES, R = (ri), x m, h'(g'(rl), ..., g(r)) 

= g'(h'(rl), ..., h'(rm)). 

(b) Suppose g' :Sm - [0, ] satisfies Assumption 8, h': Sn --[0, 1] satisfies 
Assumption 9, and (3) holds. Then (g', h') e (G'* x H'*). 

Proof. See Appendix B. D 

Theorem 4 shows that, even when we relax Assumption 1 to allow overall 
social deprivation to be determined by the MNES (rather than by the 
normalized deprivation matrix), the substance of Theorem 1 does not change 
so long as we impose on h' the property of ICNVA which conforms to the 
intuition generally subscribed to in the literature on the measurement of 
income poverty. 

Remark 1. In the framework specified by Assumption 7, it is possible to 
prove results analogous to Theorems 2 and 3. These extensions of Theorems 2 
and 3 are very similar to our transition from Theorem 1 to Theorem 4. 

(b) A second extension 

Theorems 1, 2 and 3 show that, unless we use very specific aggregation 
functions, the social deprivation index derived through Procedure II will 
sometimes differ from that derived through Procedure I. One can raise two 
issues in this context. 

First, is it possible to have different rankings, in terms of overall social 
deprivation, of two normalized deprivation matrices depending on whether 
one follows Procedure I or Procedure II? Note that, even if the two 
procedures sometimes yield different social deprivation indices, it does not 
necessarily follow that they will rank differently some pair of normalized 
deprivation matrices, though it is obvious that, if the two procedures rank 
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differently some pair of normalized deprivation matrices, they cannot 
possibly yield the same social deprivation index in every case. 

Second, what happens when, instead of requiring that the two procedures 
should always yield identical social deprivation indices, we require that the 
two procedures should rank identically all pairs of normalized deprivation 
indices? 

The answer to the first question is to be found in Example 2 below. 
Theorem 5 provides an answer to the second question. 

Example 2. First, consider the 3 x 3 normalized deprivation matrix (ai) in 
Example 1 and also the functions g* and h* that figured in that example. We 
have seen that, for (aiy), given functions g * and h *, the social deprivation index 
under Procedure I is 0.28 while the social deprivation index under Procedure II 
is 0.22. Now consider a different 3 x 3 normalized matrix (a'.) such that, for 
all i,jE{1,,2,3}, ai.=0.25. It can be checked that h*(g*(a'), g*(a), 
g*(a)) = g*(h*(a' 1), h*(a'2), h*(a'3)) = 0.25. Therefore, under Procedure I 
the social deprivation corresponding to (aiy) is higher than the social 
deprivation corresponding to (aii), while the ranking is exactly the opposite 
under Procedure II. 

For every normalized deprivation matrix A = (ai),n x m let d((A) = h(g(al), ..., 
g(an)) and dn(A) =g(h(a1), ..., h(am)). That is, d1(A) is the overall social 
deprivation index given by Procedure I for A, and dn(A) is the overall social 
deprivation index yielded by Procedure II for A. 

Theorem 5(a). Let (g, h) E G* x H*. Then g satisfies Assumption 2, h satisfies 
Assumption 3, and 

(4) dz(A) > d&(B) iff du,(A) > dn(B), 

for all normalized deprivation matrices A and B. 

(b) Suppose g: [0, 1]m -- [0, 1] satisfies Assumption 2 and h: [0, 1]" - [0, 1] 
satisfies Assumption 3, and (4) holds. Then (g, h) E G* x H*. 

Proof. See Appendix C. D 

Remark 2. Note that, given the 'ordinal restriction' imposed by inequality 
(4), one can prove results analogous to Theorems 2 and 3. These extensions are 
exactly similar to the extensions of Theorem 1 that resulted in Theorem 5 
above. 

V. ON MEASURING THE STANDARD OF LIVING 

The framework developed so far can be readily extended to the issue of 
measuring the multidimensional standard of living on the basis of aggregate 
data. Recollect that, for all i E N and all j e J, zij is the achievement of 
individual i in terms of attribute Tj. Thus, we have an n x m matrix 
Z = (zij) x m, which we will call the achievement matrix. The row vectors of 
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the matrix will be denoted by zi = (zil, ..., im)(i = , ..., n) and the column 
vectors of this matrix will be denoted by zi = (zjl, ..., zjn)( = 1, ..., m). Thus, zi 
is the vector showing individual i's achievement levels of different attributes, 
while zj is the vector showing the achievement levels of the different individuals 
in terms of attribute Tj. For the purpose of normalization, we shall assume that 
there exist c, c E R+, such that c > c and, for all i E N and allj E J, zij always lies 
in the interval [c, c. This is a reasonable assumption. Since Zij are non-negative, 
0 constitutes a lower bound for the values that zij can take (though any other 
lower bound that may be considered reasonable will serve our purpose too). 
Assuming that there is an upper bound for the values that zij can take is 
natural, too. Given our assumption that, for all i E N and all j e J, zij always 
lies in [c, c, in the rest of Section V, we shall consider only those n x m 
matrices (zij)n x m where all zij satisfy our restriction. 

The question in the current context is: how do we derive the overall social 
achievement, to be called the standard of living, from (zij)n x m? Similar to the 
approach for the derivation of the overall social deprivation discussed in this 
paper, we can distinguish two ways of arriving at a measure of the standard of 
living, viz. Procedure I and Procedure II. Under Procedure I, we first get, for 
each individual, an index, ei, of the standard of living of i by aggregating 
Zil, ..., Zim, and then aggregate ei, ..., en so as to arrive at an index of the 
standard of living, e, for the whole society. Procedure II, on the other hand, 
attempts to assess the social achievement in terms of each attribute separately 
and then to aggregate these separate achievements so as to get the standard of 
living for the entire society. Therefore, under Procedure I, we first use a 
function p : Lc, c]m -) [0, 1] to aggregate zil, ..., im, for each i E N, and we then 
use another function q: , c]-n - [0, 1] to aggregate el =p(zll,.., Zlm) ... 
en = p(znl, ..., Znm) to arrive at the standard of living index el. Similarly, under 
Procedure II, we use the function q to aggregate zlj, ..., znj, for each j E J, and 
then use the function p to aggregate e1 = q(zl..., zn), ), ..., em = q(zlm, ..., Zm) 
into the index eli of the standard of living for the entire society. 

Naturally, we impose certain requirements on p and q, including the 
following two assumptions. 

Assumption 10. p is continuous, strictly increasing in each of its arguments: 
p, ..., c) = 0 and p(c, ..., c) = 1. Further, p satisfies the following property 
regarding non-increasing increments (NII): for all x, y E [c, c m, all k E J and all 
t E c, c] such that Xk + t E [c, c] and Yk + t E [, c], if [xj > yj for all j e J1, then 
p(x/{k}, xk + t) -p(x) < p(y/{k}, yk + t) -p(y). 

Assumption 11. q is continuous, strictly increasing in each of its arguments, 
q(c, ..., c)= 0 and q(c, ..., ) = 1. Further, q is symmetric: for all x, y E [, c]"f 
and for every permutation o on N, [xi = y(i) for all i E N] implies that 
[q(x) = q(y)]. 

Given these above two assumptions, one can pose problems similar to the 
one discussed above in the context of deprivation. What are the conditions 
under which the two procedures will yield the same standard of living index for 
every possible achievement matrix? Further, what are the conditions under 
which the two procedures will yield the same ranking of all possible 
achievement matrices? The following two theorems provide the answers to 
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this problem. The proofs of Theorems 6 and 7 are similar to those of 
Theorems 1 and 5, and therefore we omit them. 

Let P* be the set of all functions p*: [c, cm - [0, 1] that have the following 
property: 

there exist wl, ..., w, e]O, 1[ such that wl +. + w-, = 1 and, for all 
X E [C, c, p *(X) = [WiXI + - * + WmXm - C/(C - c). 

Let Q* be the singleton set {q*} such that 

for all y E [, cln, q *() = [((YI + *. + yn)/n) ( - /( -c). 

Theorem 6(a). Let (p, q) E P* x Q *. Then p satisfies Assumption 10, q satisfies 
Assumption 11, and 

(5) q(p(zl), ..., p(zn)) =p(q(z ), ..., q(zm)) 

for every achievement matrix (Zij)n x m 

(b) Suppose p: c, cm -- [0, 1] satisfies Assumption 10, q: [L, c" -- [0, 1] 
satisfies Assumption 11, and expression (5) holds. Then (p, q) E P* x Q*. 

Theorem 7(a). Let (p, q) E P* x Q*. Then p satisfies Assumption 10, q satisfies 
Assumption 11, and 

(6) ej(Z) > el( Y) iff eN(Z) > ei,( Y) 

for all achievement matrices Z and Y. 

(b) Suppose p: [c, c]m - [0, 1] satisfies Assumption 10, q: [c, c-] -- [0, 1] 
satisfies Assumption 11, and expression (6) holds. Then (p, q) P* x Q*. 

Remark 3. As in the case of several earlier theorems (see Remarks 1 
and 2), one can easily extend Theorems 6 and 7 to cover the case where, under 
Procedure II, we permit different aggregation rules for different attributes. 

VI. CONCLUDING REMARKS 

In this paper we have discussed a difficulty that arises when deprivation (resp. 
the standard of living) is assumed to have many different dimensions but we 
are faced with the task of measuring the overall deprivation (resp. the standard 
of living) of society on the basis of aggregate data. Such aggregate data often 
force us to fall back on what we have called Procedure II, though the standard 
conceptual framework of welfare economics would suggest a different 
procedure, i.e. our Procedure I, as being more appropriate. We showed that, 
given certain minimal properties for the aggregation functions involved, the 
two procedures will yield identical measures of overall social deprivation (resp. 
standard of living) only if the aggregation functions have trivial and highly 
unacceptable forms. In many ways, this would seem to be a rather discouraging 
result in the context of research on the measurement of multidimensional 
deprivation and standard of living on the basis of aggregate data. (See, 
however, our comments in the concluding paragraph of this section.) On the 
positive side, the results in this paper can be regarded as providing analytical 
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justifications for the common practice of using simple averages as the 
aggregation rule under Procedure II. 

Procedures I and II really represent two different paths to the index of 
deprivation (resp. the standard of living) for a society. Intuitively, the two 
paths differ only in that they change the sequence of the two steps involved in 
the process. Under Procedure I, we first undertake the aggregation over 
different attributes for each individual, and then undertake an aggregation 
over the individuals. On the other hand, under Procedure II, one first 
undertakes the aggregation over different individuals for each attribute, and 
then undertakes an aggregation over the different attributes. Our results show 
that, in general, the sequence in which we undertake the two distinct types of 
aggregation-the aggregation over the attributes and that over the indivi- 
duals-matters for the final result. Thus, in some ways our results can be 
viewed as yet another manifestation of the general intuitive problem of 'path 
dependence' that appears in very different formal structures in different areas 
of economic theory.5 

Our analysis raises certain issues that are not studied in this paper and 
which deserve detailed, full-length investigation. We note two such problems. 
First, there is the issue of measuring multidimensional inequality on the basis 
of aggregate data, which is intuitively, though not formally, analogous to the 
central concern in this paper. Though the measurement of multidimensional 
inequality has been explored in several recent contributions (see e.g. Tsui 1995, 
1996), the problem of measuring multidimensional inequality on the basis of 
aggregate data has not been studied so far. It seems likely that, if we seek to 
measure multidimensional inequality on the basis of aggregate data, we would 
face a problem similar to that of measuring multidimensional deprivation on 
the basis of aggregate data, though its formal structure would be different.6 
This is a problem that needs independent investigation. 

Second, consider the following further lines of inquiry regarding the 
measurement of deprivation on the basis of aggregate data. Let G be the class 
of all functions g:[0, 1]m - [0, 1] satisfying Assumption 2, and let H be the 
class of all functions h: [0, 1]n -- [0, 1] satisfying Assumption 3. In Section III, 
we investigated the properties of all (g, h) e G x H, such that, for every 
normalized deprivation matrix (aiy), h(g(al), ..., g(a,)) = g(h(a 1), ..., h(am)), or 
h(g(al), ..., g(a,)=g(ahl(al), ..., hm(am)). We found that, while such (g,h) 
[(g, h, hi, ..., hm)] exists, all such (g, h) [g, h, hi, ..., hm)] must belong to G* x H* 
[G* x H* x ... x H*]. Consider, however, the following broader problems: 

1. What is the class of all (g, h) G x H such that, for some 
(g, h) E G x H, h(g(al), ..., g(an)) = g(h(a ), ..., h(am))? 

2. What is the class of all (g, h) E G x H such that, for some g E G and some 
hi, h2, ... hm E H, h(g(all), ..., g(an))=g(hl(al), ..., hm(am))? 

Intuitively, the first of these questions is about the characterization of the 
class of all pairs (g, h) c G x H, the outcomes of which, under Procedure I, can 
be 'implemented', under Procedure II, through some pair (g, h) c G x H. The 
second question raises basically the same intuitive issue as the first but allows 
greater latitude in 'implementation' by allowing Procedure II to use different 
aggregation rules to assess the social deprivation corresponding to different 
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attributes. We do not know the answers to questions 1 and 2, and we leave 
them as unresolved problems at this stage. 

Before concluding, we would like to comment on the intuitive position that 
we have taken regarding Procedures I and II in this paper. If, as in this paper, 
one's main concern is with the measurement of overall deprivation of the 
society, and, if one wants to adhere to the standard framework of welfare 
economics, then one would like to make the overall deprivation of society a 
function of the overall deprivation levels of the individuals in the society. In 
that case, Procedure I, which first measures the overall deprivation of each 
individual on the basis of her achievements in terms of the separate attributes, 
would have a compelling appeal, and the discrepancy between the measures of 
overall social deprivation under Procedures I and II would then be a cause of 
concern when limitations of data force us to use Procedure II rather than 
Procedure I. This is not to deny that, for specific policy purposes, one may be 
concerned not with the measurement of overall social deprivation, but with 
social deprivation with respect to specific attributes. For example, for policy 
purposes the government may need to know to what extent there is deprivation 
with respect to housing and deprivation with respect to the consumption of 
calories in the society. In that case, one would like to arrive at an index of 
housing deprivation in the society by aggregating the housing deprivation of all 
the individuals in the society, and similarly in the case of calorie deprivation. 
Obviously, here we would not need to assess the overall deprivation of any 
individual. Note that the objective here is very different from the objective of 
measuring overall social deprivation that constitutes the focus of this paper. 
Can one ethically justify the use of Procedure II if the measurement of overall 
social deprivation happens to be one's concern?7 It seems to us that it may be 
difficult to do so within the usual framework of welfare economics. It may, 
however, be possible to justify Procedure II for measuring overall social 
deprivation outside the standard welfare-theoretic framework. For example, 
one can start with the ethical assumption that the assessment of overall social 
deprivation should be based on social deprivation in terms of each of the 
relevant dimensions. Given this initial ethical assumption, Procedure II would 
be the conceptually appropriate procedure, and one would then proceed to 
explore the consequences of alternative sets of axioms for each of the two 
stages of Procedure II. 

APPENDIX A: PROOF OF THEOREM 1 

We proceed to the proof of Theorem 1 through six lemmas. For the purpose of each of 
Lemmas A2, A3, A4, A5 and A6, it is to be understood that equation (1) and 
Assumptions 2 and 3 hold. (Lemma Al does not refer to either g or h, and therefore (1) 
and Assumptions 2 and 3 are irrelevant for Lemma Al.) 

Lemma Al. Letf: [0, 1]-- [0, 1] be a strictly increasing function satisfying NDI, such 
thatf(0) = 0 and f(l) = 1. 

(a) For every rational t E [0, 1], t >f(t). 
(b) Iffis continuous, then, for every t E [0, 1], t )f(t). 
(c) If f is continuous and there exists t' E]O, 1[ such that f(t')= t', then, for all 

t E [0, I],f(t)= t. 
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Proof (a) If t = 0 or t = 1, there is nothing to prove. Consider a rational t E]O, 1[ 
such that f(t) > t. Since t is rational and lies in ]O, 1[, for some positive integers b and c 
such that c > 6, t = b/c. Consider f(O),f(l/c), ..., f(b/c), ..., f(1). 

By NDI, b[f(b/c) -f((b - 1)/c)] > f(l/c) -f(O)] + [f(2/c) - f(1/c)] + ... + f(b/ 
c) -f((b - l)/c)] =f(b/c) -f (O) =f(t) > t. Therefore, [f(b/c) - f((b - 1)/c) > t/b = 
l/c]. 

Now, by NDI, [f(c/c) -f((c - l)/c)] > [f((c - 1)/c) - f((c - 2)/c)] . > [f((b + 
)/c) -f(b/c)] > [f(b/c) -f((b - l)/c)]. Hence, noting [f(b/c) -f((b - l)/c)> l/c], we 

have [f(c/c) -f((c - l)/c)] > [f((c - l)/c) -f((c - 2)/c) > ... [f((b + l)/c) -f(b/c)] 
> 1/c. Therefore, f(l) =f(c/c) =f(b/c) + [f((b + l)/c) -f(b/c)] + [f((b + 2)/c) - 
f((b + l)/c)] +... + [f(c/c) -f((c - l)/c)] f(b/c) + (c - b)(/c). Noting f(b/c) = 
f(t) > t = b/c, it follows that f(1) > b/c + (c - b)/c = 1, which contradicts that f(1) = 
1. This completes the proof of Lemma (Al(a)). 

(b) Given the continuity off, Lemma Al(b) follows immediately from Lemma 
Al(a). 

(c) Let f be continuous and let there be t e]0, 1[ such that f(t)= t. Since, by 
assumption, f(O)= 0 and f() = 1, we need only prove that, for all t' E]0, 1[ such that 
f(t')= t'. 

First, consider t' E]0, t[. Suppose f(t') < t'. Consider a positive integer c such that 
(t- t')/c < 1 - t. Clearly, such a positive integer exists. Let d=(t- t')/c. Consider 
f(t' + d) -f(t'),f(t' + 2d) -f(t' + d), ..., f(t' + cd) -f(t' + (c - l)d),f(t' + (c + l)d) 
-f(t' + cd), and note thatf(t' + cd) = t and f(t' + (c + 1)d) =f(t + d). Sincef(t') < t' 
and f(t'+cd)=f(t)=t, for some positive integer j, c>j,f(t'+jd)-f(t'+ 
(j - )d) > d. Hence, by NDI, f(t' + (c + l)d) -f(t' + cd) > d. However, this implies 
that f(t' + (c+ 1)d) >f(t'+cd) + d; that is, f(t + d) >f(t)+ d= t + d. Since 
t + d E]t, 1[, we have a contradiction of Lemma Al(b). This contradiction shows that, 
for every t' ]O, t[,f (t') = t'. 

Now consider t' E]t, 1[. Then consider a positive integer c' such that (t' - t)/c' < t'; 
clearly, such a positive integer exists. Then let d' denote (t' - t)/c'. Consider 
[f() -f(t - d')], [f(t + d') -f(t)], [f(t + 2d') -f(t + d')], ..., [f (t + c'd') -f (t + (c' - 
l)d')], and note that t+c'd' = t'. Since f(t) = t (by assumption), and since 

f(t-d')=t' -d (by our previous step), it is clear that [f(t)-f(t - d')]=d'. 
Therefore, by NDI, each of the terms, [f(t + d') -f(t)], [f(t+ 2d') -f(t+ d')],... 
[f(t + c'd')-f(t + (c' - )d')], must be at least as great as d'. Therefore, f(t')= 
f (t) + [f(t + d') -f(t)] f (t + 2d') -f(t + d') + . + [f (t + c'd') -f (t + (c' - l)d')] > 
f(t) + c'd' = t + c'd' = t'. Since, by Lemma Al(a), we cannot havef(t') > t', it follows 
that f(t') = t'. This completes the proof. I1 

Lemma A2. There exists t E]0, 1[ such that g(v(t, m)) = t. 

Proof. Consider the following n x m normalized deprivation matrix: 

(1 1 ... 1\ 

0 0 ... 0 

K0 0 .. O ,nxm 

Then, by Assumption 2, g(al) = 1 and g(ai) = 0 for i = 2, ..., n. Then, 

(A ) h(g(a), g(a2), ..., g(a,)) = h(l,, ..., 0). 

Let h(1, 0, ..., 0) = t. Clearly, given Assumption 3, t E]0, 1[. 
Now consider the column vectors aj of the above matrix. By (1), g(h(al), 

..., h(am)) = h(g(al), ..., g(a,)). Note that, t = h(aJ) forj= 1, ..., m. It then follows from 
(Al) that 

(A2) g(v(t, m)) = t. I 

Lemma A3. For all t E [0, 1], g(v(t, m)) = t. 
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Proof. Define a function fg:[0, 1] -[0, 1] such that, for all t [0, l],fg(t)= 
g(v(t, m)). Since, by Assumption 2, g is continuous and strictly increasing, and satisfies 
NDI, fg is also continuous and strictly increasing, and satisfies NDI. By Lemma A2, 
there exists t E]0, 1[ such that g(v(t, m)) = t. Therefore, it is clear that there exists t E]0, 1[ 
such that fg(t)= t. By Lemma Al, it follows that, for all t E [0, l],fg(t)= t. By the 
definition offg, it follows that, for all t e [0, 1], g(v(t, m)) = t. 

Lemma A4. For all t E [0, 1], g(v(O, m)/{j}, t) = tg(v(O, m)/{j}, 1). 

Proof. Let s, t [0, 1] with s + t e [0,1]. Consider g(v(s + t, m)), g(v(s, m)), 
g(v(t, m)) and g(v(0, m)). Define A1, A2, .., Am, 61, 62, ..., 6m as follows: 

A1 = g(t,O, ..., O) - g(,...,0) 

A2 = g(t, t, O,..., O) - g(t, O, ...,0) 

Am = g(t, ...,t) g(t, ..., t, O) 

61 = +g(s + ts... ) - g(s, ..., s) 

62 = g(s+ t, + t,s , ..., s) - g(s+ t,s, ..., s) 

6m = g(s + t, ..., s + t) - g(s + t, ..., s + t,s) 

Clearly, noting Lemma A3, we have: AI + .. + Am = g(t, ..., t) - g(, ..., O)= t and 
61 + .. + 6m = g(s + t, ..., s + t) - g(s, ..., s) = s + t - s = t. Since g satisfies NDI, we 
must have 61 > A, ..., 6m > Am. Therefore, noting that A1 + -.. + Am = 61 + ... + 6m, 
we obtain 

(A3) A1 = 61,... Am = 6m. 

Now, from A1 = 61, we obtain 

(A4) g(s + t, s, ..., s) - g(s, ..., s) =g(t, 0, ..., 0). 

Consider g(s + t, 0, ..., 0) - g(s, 0, ..., 0) and g(t, 0, ..., 0) - g(0, ..., 0). Since g satisfies 
NDI (see Assumption 2), we have 

(A5) g(s + t, 0, 0) - g(s, O, ..., O) g(t, O, ..., 0) - g(O, ..., 0). 

and 

(A6) g(s + t, s, ..., s) - (s, s, ..., s) > g(s + t, 0, ..., 0) - g(s, ..., 0). 

From (A5) and (A6), by (A4), clearly, 

(A7) g(s + t, O, ..., )- g(s, 0, ..., 0) = g(t, O, ..., 0). 

That is, 

(A8) g(s + t, 0, 0) = g(t, O, .., 0) + g(s, , ..., 0). 

Given that g is continuous and strictly increasing in each of its argument (see 
Assumption 2) and that (A8) holds for all s, t e [0, 1] such that 0 < s + t < 1, then by 
Theorem 3 of Aczel (1966, p. 48), we have 

(A9) g(x, O, ..., O) = wlx for all x E [0, 1], where w1 > 0. 

Let x= 1; we obtain w = g(1,0, ..., 0). Similarly, it can be shown that, for all 
je{l, ..., m}, 

(A10) g(v(O, m)/{j}, x) = xg(v(O, m)/{}, 1) for all x E [O, 1]. [ 

? The London School of Economics and Political Science 2003 

214 [MAY ECONOMICA 



DEPRIVATION AND THE STANDARD OF LIVING 

Lemma A5. g(v(1/2, m)) = E im (1/2)g(v(0, m)/{/}, 1). 

Proof. Let t = 1/2. Since g satisfies NDI (see Assumption 2), we have 

(A11) g(t, t, ..., t) - g(O, t, t, ..., t) > g(t, 0, ..., 0) - g(O, ..., 0) 

and 

(A12) g(2t, t, ..., t) - g(t, ..., t) > g(t, t, ..., t) - g(O, t, t, ..., t). 

From (A6), by letting s = t and noting (A4), we have 

(A13) g(2t, t, ..., t) - g(t, ..., t) = g(t, 0, ..., 0). 

Hence 

(A14) g(t, t, ..., t) - g(O, t, t, ..., t) = g(t, O, ..., 0). 

By NDI, we have 

(A15) g(O, t, t, ..., t) - g(O, 0, t, ..., t) > g(O, t, 0, ..., 0) - g(0, ..., 0) 

and 

(A16) g(t, 2t, t, ..., t) - g(t, ..., t) > g(O, t, t, ..., t)- g(O, 0, t, ..., t). 

Following a method similar to the one used to show [g(2t, t, ..., t) -g(t, ..., t)= 
g(t, O, ..., 0)], we can show that g(t, 2t, t, ..., t) - g(t, ..., t) = g(0, t, 0, ..., 0). Hence 

(A17) g(O, t, t, ..., t) - g(0, 0, t, ..., t) = g(O, t, 0, ..., 0). 

In fact, given NDI, and using a method similar to the one used above, we can show the 
following: 

(A18) g(O, O, t, ..., t) - g(0, 0, , t, ..., t) = g(v(O, m)/{3}, t), 

...I 

g(0, ..., 0, t, t, t) - g(, ..., 0, 0, t, t) = g(v(0, m)/{m - 2}, t), 

g(0, ..., 0, t, t) - g(0, ..., 0, , t) = g(v(, m)/{m - 1}, t). 

Now, from (A14), (A17) and (A18), by Lemma A4, it then follows that 

g(t, ..., t) = tg(1, O,..., 0) + . - + tg(O, ..., 0, 1) 0 

Lemma A6. For all x = (xl, ..., Xm) E [0, I]m, g(x) = Eim wjXj, where wj = g(O/ 
{j}, 1) >0 for j= 1, ..., m and wl + -* + wm = 1. 

Proof. Let x= (xl, ..., xm) E [0, ]m. Without loss of generality, let xl >x2 > 
?* >xm. From Lemmas A5 and A3, we note that wl + + wm = 1. Let 
jE {1, ..., m}. Since g satisfies NDI, we have 

(A19) /i = g(xj, ..., xj) - g(0, xj, ..., xj) > g(xj, O, ..., 0) - g(0, ..., 0); 

32 = g(O, j, ..., xj) - g(0, O, Xj, ..., Xy) 

> g(O, xj, 0, ..., 0) - g(0, ..., 0); 

gm -(0, ..., 0, xj) - , ..., 0) > g(O, ..., , xj)- g(, ..., 0). 
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Note that, given Lemma A3, 31 + -.- + 03m = g(xj, ..., xj) = xj On the other hand, 
[g(xj, O, ..., 0) - g(O, ..., 0)] + 1g(O, xj, O, ..., 0) - g(O, ..., 0)] + + g(O, ..., O, xj) - 
g(0, ..., 0)] = wlx + w2xj + . " + wmxj = xj. Therefore, we must have 

(A20) /3 = g(xj, 0, ..., 0) - g(0, ..., 0); 

/2 = g(0, xj, 01 ..., 0) - g(0, ..., 0); 

m = g(0, ..., 0, xj) - (0, ..., 0). 

Now, since g satisfies NDI, we must have 

(A21) g(xl, x2, ..., xm) - g(0, x..., x ) (...x,0X , .., 0) - g(0, 0); 

g(0, X2, ..., X) - g(, 0, 3, ..., Xm) 

> g(0, x2, 0, ..., 0) - g(0, ..., 0); 

g(0, ..., 0, xm) - g(0, ..., 0) > g(0, ..., 0, xm) - g( O , 0). 

Note that, since xl > x2 ... > Xm and g satisfies NDI, we have 

(A22) g(x, xi, ..., x) - g(0, x, ..., xl) 

> g(x , 2, ., Xm) -g(, x2, ..., Xm); 

g(0, x2, ..., 2) - g(0, 0, x2, ..., x2) 

> g(0, x2, ..., Xm)- g(O, O, X3, ..., Xm); 

g(0, ..., 0, xm)g(0, ..., 0) > g(0, ..., 0, xm) - g(0, .., 0). 

From (A19), (A20), (A21) and (A22), we must have 

(A23) g(xl, x2, ..., Xm) - g(0, X2, ..., Xm) 

= g(xl, 0,..., 0) - g(0, .., 0); 

g(0, X2, ..., Xm) - g(0, 0, x3, ..., Xm) 

= g(0, x2, 0, ..., 0) - g(0, .., 0); 

g(0, ..., O, xm)-g(0, ...,0) 

= g(0, ..., 0, xm) - g(O, ..., 0). 

Now, (A23) implies that 

g(xl, .., xm) = m= I g(v(O, m)/{}, xy). 

By Lemma A4, it follows that 

(A24) g(xl, ..., ) = jEm 1 wjxj, where, for 

j = 1,2, ..., m, wj = g(v(0,m)/{}, 1). 

Note that, since by Assumption 2 g(0, ..., 0) =0, and g is increasing, 
wj = g(v(O, m)/{j}, 1) > 0. By (A24) and Assumption 2, wl + . + w, = g(, .., 1) = 1. 
This completes the proof. [L 

Proof of Theorem 1. Theorem 1(a) is easy to check. We show that Theorem l(b) holds. 
Consider the normalized deprivation matrix A, x m as follows 
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/ S S2 ... Sm\ 

0 0 ... 
A= 

o0 0 . O/. , 

By (1), we have the following: 

h(g(si, ..., Sm), g(O, ..., 0), ..., g(O, ..., 0)) 

= g(h(s,, ..., 0), ..., h(sm, , ..., 0)). 

Note that, by Lemma A6, g(xl, ..., x) = wlxl + + Wmm, where [w =g(v(O, m)/ 
{j}, 1) for j = 1, ..., m] and [wl + + wm = 1]. Therefore, we have 

h(WliS +W-h + wmSm, O, .... )+ h(m,...O,)(,O ..., O) ^( O 0). 

For allj = 1, ..., m, let sj, = 0 forj' 7- =j. Then, noting that h satisfies Assumption 3, we 
have h(wjsj, , ..., ) = wjh(sj, 0 ..., 0). Now, let f(x) = h(x, 0, ..., 0). Then, the above 
equation becomes 

m 

f(wlsl + + WmSm) = wlf(Sl) + . + wmf (S) = f(wjsj). 
j=1 

Note that h is continuous. Therefore, f is continuous. The only solution to the above 
equation is the following (see Aczel 1966): 

There exists c > 0 such that f(x) = cx. 

Therefore, h(sj, 0, ..., 0) = csj. Note that h is symmetric. Therefore, h(v(0, n)/{i}, Si) = csi 
for all i= 1, ..., n. Now, for all j= 1, ..., m, consider the following normalized 
deprivation matrix: 

Bj = (a1 ... am)n x m 

where a1 = (tl, ..., t,)T and ak = (O)T for k 74j. From equation (1), we have 

g(h(a ), ..., h(am)) = h(g(v(0, m)/{j}, t), ..., g(v(O, m)/{j}, t,)). 

Hence 

(A25) wlh(a') + . + wmh(am) = h(wjtl, ..., wjt,). 

Note that ak = (0)T for k 7-j. Therefore, we obtain 

Vj E J, wjh(tl, ..., tn) = h(wjtl, ..., Wjtn) 

Without loss of generality, let w1 > w2. Next, consider the following normalized 
deprivation matrix: 

/si 0 0 ... 0\ 

0 s2 0 ... 0 
C= 

\0 s, 0 ... O/,nx 

By (1), we obtain 

h(g(v(O, m)/{l}, sl), g(v(O, m)/{2}, s2), ..., g(v(0, m)/{2}, s,)) 

= g(h(s, 0, ..., 0), h(O, 2, ..., Sn),O, ..., 0). 
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Therefore 

(A26) h(wsl, w2s2, ..., W2Sn)= wlh(sl,0, 0.., .0)+ w2h(0, 2, ..., Sn) 

We now show that 

(A27) For all (tl, ..., tn)E [0, 1]n 

h(tl, ..., tn)= h(tl, 0, ...,0) + h(0, t2, ..., tn) 

By (A25), 

(A28) w2h(tl, ..., tn) =h(w2tl, , , 2t,). 

Define (xl, ..., Xn) as follows: xl = (w2/wi)tl, xi = ti for i = 2, ..., n. Since wl > w2 and 
(tl, ..., tn) E [0, l]n, clearly, (xl, ..., x,) E [0, 1]". Then 

(A29) h(w2tl,.., W2tn)=-h(WlXI, W2x2, ..., W2Xn). 

By (A26), we must have 

(A30) h(wlxl, w2x2, ..., w2x) = wlh(xl, 0, ..., 0) + w2h(0, 2, ..., X). 

Noting that h(xl, 0, ..., 0) = cxl, from (A28), (A29) and the definition of xi(i = 1, ..., n), 
we obtain 

(A31) w2h(tl, ..., tn)= w2ctl + w2h(0, t2, ..., tn) 

That is, 

(A32) h(tl, ..., tn)= h(t1, 0, ..., 0) + h(0, t2, ..., tn). 

Noting that h is symmetric, it follows that h(0, t2, ..., tn) = h(t2, ..., t,, 0). Therefore, by 
repeated use of (A27), and noting that h is symmetric, we obtain 

h(tl, t2, ..., tn) = h(tl, O, ..., 0) + + h(tn, , ..., 0). 

Therefore, 

h(tl, ..., tn)= ctl + C + ctn. 

Noting that h(l, ..., 1) = 1, clearly, c = 1/n. D 

APPENDIX B: PROOF OF THEOREM 4 

We prove Theorem 4 with the help of Lemmas B1 and B2 below. 

Lemma B]. Suppose h' satisfies LSM and ICNVA, and (3) holds. Then g' must satisfy 
ICNVA. 

Proof. Suppose g' violates ICNVA. Then there exist q E K and q-variants 
x, x' E Sm, such that [xq < 0 and x' < 0], and g(x') $ g(x). Without loss of generality, 
assume g(x') > g(x). Now consider two n x m matrices R = (ri)n x m and R' = (r' )n x m 
such that [for all i E N - { 1}, ri = r] and [ri = x and r' = x']. Then g(ri) = g'(r.) tor all 
i E N - {}; both g'(rl) and g'(r' ) belong to [0, 1]; and g'(r') > g'(rl). Hence, by LSM of 
h', we have 

(B1) h(g'(rl), ..., g'(rn)) = h'(g'(r), ..., g'(r)). 

However, given ICNVA of h', h'(r) = h'(r'j) for all j E J, and therefore 

(B2) g'(h'(rl), ..., h'(rm))=g'(h'(r'), ..., h'(r'm)). 

However, (B1) and (B2), together, contradict (3). This completes the proof. D 
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Lemma B2. Let g': :S -- [0, 1] and h' : " -> [0, 1] both satisfy ICNVA. Then for all 
x ESm and all yES", g'(xl,...,xm)=g'(^y(xl),...,y(xm)) and h'(y, ...,yn)= 
h'(7(yl), ..., 7(Yn)) 

The proof of Lemma B2 is straightforward and is omitted. 

Proof of Theorem 4. The proof of Theorem 4(a) is obvious. We prove only 
Theorem 4(b). Note that, since (3) holds and h' satisfies LSM and ICNVA, by Lemma 
Bl, g' satisfies ICNVA. Therefore, by Lemma B2, for all x E S" and all y E Sn, we have 
g'(xl, ..., () = g'(y(x), ..., y(Xm)) and h'(y, ..., Yn)=h'(-y(yl), ..., 7(y))- Clearly, 
since g'(x) satisfies Assumption 8, g'(y(xl), ..., y(xm)) satisfies Assumption 2. Similar- 
ity, given Assumption 9, h'(y(yi), ..., 7(y,)) satisfies Assumption 3. Note that (3) holds. 
Therefore, (1) holds for g'(y(xl), ..., y(x)) and h'(y(yl), ..., 7(Y)). Then, by 
Theorem 1, (g', h') E (G'* x H' *). O 

APPENDIX C: PROOF OF THEOREM 5 

We prove Theorem 5 with the help of Lemmas C1 and C2. In both of these lemmas, we 
assume that g satisfies (2), h satisfies (3), and (4) holds. 

Lemma Cl. There exists s E]0, 1[ such that g(s, ..., s) = s. 

Proof Consider the following n x m normalized deprivation matrix: 

/1 1 .-. 1\ 

O O * - O 
A= 

\0 0 . .. 

Let h(1, 0, ..., 0)= t. Clearly, by Assumption 3, t E]0, 1[. Consider another n x m 
normalized deprivation matrix B = (bij) x m such that bij = t for all i E N and all j E J. 
Then it is easy to check that 

(C1) dj(A) = t, dl(B) = h(g(t, ..., t), ..., g(t, ..., t)) 

and 

(C2) dn(A) =g(t, ..., t) and dn(B) =g(h(t, ..., t), ..., h(t, ..., t)). 

From (4), we have the following: 

t > h(g(t, ..., t), ..., g(t, ..., t)) iff g(t, ..., t)> g(h(t, ..., t), ..., h(t, ..., t)). 

We now distinguish two cases: (i) t > h(t, ..., t); and (ii) t < h(t, ..., t). Note that these two 
cases exhaust all possibilities. 

Case (i). t > h(t, ..., t). By Assumption 3, noting that t E]0, 1[, there exists s e]0, 1[ 
such that s > t and t = h(s, ..., s). Given that t = h(s, ..., s), we must have 

(C3) g(t, ..., t) = g(h(s, ...s), ..., h(s, ..., s)). 

Consider an n x m normalized deprivation matrix S = (sy) x m such that sy = s for all 
i N and all jE J. By (C3), 

(C4) dn(A) = d((S). 

From (4), it then follows that 

(C5) d(A) = dj(S); i.e. t = h(g(s, ..., s), ..., g(s, ..., s)). 
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Note that t =h(s, ..., s) and h satisfies Assumption 3. It then must be true that 
s = g(s, ..., s). Note that s E]0, 1[. Therefore, there exists s E]0, 1[ such that g(s, ..., s) = s. 

Case (ii) can be analysed similarly. O 

Lemma C2. Expressions (1) and (4) are equivalent. 

Proof. It is obvious that (1) implies (4). We now show that (4) implies (1). From 
Lemma C1, there exists s E]0, 1[ such that g(s, ..., s) = s. Then, noting that g satisfies 
Assumption 2, by Lemma Al, following a similar proof method as for Lemma A3, we 
must have g(t, ..., t) = t for all t E [0, 1]. Let t E [0, 1] and consider the following n x m 
normalized deprivation matrix A = (aiy), m such that aij = t for all i E N and all j E J. 
Clearly, dj(A) = h(g(t, ..., t), ..., g(t, ..., t)) = h(t, ..., t) and dl(A) = g(h(t, ..., t), ..., 
h(t, ..., t)) = h(t, ..., t). Therefore 

(C6) For all t e [0, 1], d1(A) = d1(A) for all A = (ai.), m 

such that aij = t for all i E N and all j E J. 

Now, suppose to the contrary that (4) holds but (1) does not hold. Then there exists an 
n x m normalized deprivation matrix C such that dj(C) d,(C). Without loss of 
generality, let dj(C) > d((C). Note that 1 > dj(C) > dj(C) > 0. Let x E]O, 1[ such that 
dl(C) > x > dli(C). Clearly, such x exists. Consider B = (bij), m such that [for some 
y E]O, 1[, bij = y for all i E N and j E J] and [dj(B) = x]. By Assumptions 2 and 3, such B 
exists. Note that, from (C6), dl(B) = dji(B). By construction, noting that 
dj(C) > x > dj,(C), we must have dr(C) > x = di(B) and dH(B) = x > dij(C), a contra- 
diction with (4). Therefore, (4) implies (1). L1 

Proof of Theorem 5. Theorem 5(a) is easy to check. From Lemma C2, (4) and (1) 
are equivalent. Therefore, Theorem 5(b) follows from Theorem l(b) immedi- 
ately. l 
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NOTES 

1. That Procedure II constitutes a departure from the conceptually satisfactory route, i.e. 
Procedure I, has been recognized by several writers (see e.g. Khan 1999). 

2. It should be noted that the deprivation benchmark could be allowed to vary across individuals 
and that this will not create any difficulty in the formal analysis. 

3. Note that we have provided the interpretation of this property of g, as well as of the other 
properties of g and h, in the context of Procedure I. It is, however, easy to provide similar 
intuitive interpretations of the properties in the context of Procedure II. 

4. Strictly speaking, Sen (1976) considered the total poverty gap rather than the average poverty 
gap; but it is clear that, as a measure of poverty, the average gap suffers from the same problems 
that Sen found in the total poverty gap. 

5. For classic discussions of the problem of path dependence in the theory of social choice, see 
Arrow (1963) and Plott (1973). For a recent example of this problem in another area, namely the 
measurement of efficiency, see Blackorby and Russell (1999). One can think of other examples in 
economic theory. While the general intuitive nature of the issue is similar in all these different 
contexts, the formal structure of the problem differs considerably, depending on the specific 
context. This explains why, in this paper, we could not draw on the proofs developed in 
other contexts, despite our efforts to do so. 
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6. Indeed, a referee of this Journal has conjectured that an investigation, along our lines, of the 
problem of measuring multidimensional inequality on the basis of aggregate data is likely to lead 
to an 'impossibility result'. This coincides with our own instinct. 

7. One of the referees of this paper drew our attention to this problem. He wrote: 'Embedded in the 
two procedures to construct multidimensional indices of well-being or deprivation are possibly 
different ethical judgments'. 
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