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Aggregating Dimensions

� Suppose 
� D many dimensions have been chosen
� Specific variables have been selected

� x1, x2,…,xD

� Question
� How to aggregate?



Multidimensional Composite Indices

� Many indices have form:
M(x) = (x1 + … + xD)/D
Equal weights “Symmetric Mean”

� Examples:
� Human Development Index (UNDP)
� Gender Empowerment Index (UNDP)
� Global Peace Index (Inst. Econ Peace)
� Environmental Sustainability Index (Yale)
� Child Well-being Index (Inst. Child Dev.)
� Human Poverty Index (UNDP) Monotone Transform
� A&F Poverty Indices  (OPHI) Union Approach



Symmetric Mean Indices

� Why this Form?
� Easy to understand
� Statistical properties
� Equal weights – Natural focal point

Equal importance
Ignorance

“Our argument for equal indicator weights is based on the 
premise that no objective mechanism exists to determine the 
relative importance of the different aspects of environmental 
sustainability.” Environmental Sustainability Index 
Methodology
“…we have no reliable basis for doing [otherwise]” Mayer 
and Jencks, 1989
Note: Analogous to “Principle of insufficient reason”



Problem

� However, not entirely convincing
� Room for other viewpoints and methodologies

� Normative   Whose?
� Data driven   Which?



Solution

� Our Approach
� Accept priority of equal weights
� But check robustness of judgments

� Tools
� Partial ordering  (analogous to Foster-Shorrocks, 

1988)
� Measure of robustness



Outline

� Description of the problem
� Example: Three dimensional HDI

� Note: Works for any number of dimensions!

� Partial ordering
� Definition
� Characterization theorem

� Measure of robustness
� Simple formula

� Empirical application



Human Development Index (HDI)

� “For the sixth year in a row, Norway was ranked 
first on the United Nations' human development 
index as the country providing its citizens with 
the best chance of living a long and prosperous 
life.” - THE WEEK; The Other Winners and 
Losers | Nov. 5-11, NYT, November 12, 2006



HDI Ranking by UNDP
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HDI Comparison

Column Dominates Row



All Possible Weights

e1 = (1,0,0)

e2 = (0,1,0) (0,0,1) = e3

e1 = (1,0,0)

e2 = (0,1,0)

e3 = (0,0,1)

w1

w2

w3

(0,0,0)

At e1, M = 1*x1 + 0*x2 + 0*x3 = x1

v0

At v0, M = 1/3*x1 + 1/3*x2 + 1/3*x3 = HDI



Partial Ordering

� Define S = ConHull(e1, e2, e3)

� For two achievement vectors x and y, x M1 y
if and only if M(x; w) > M(y; w) for all w   S
and M(x; w) > M(y; w) for some w

∈



Example 1

e3 = (0,0,1)

e1 = (1,0,0)

e2 = (0,1,0)

Swe x3 : 0.949Swe x1 : 0.922

Swe x2 : 0.982

Swe HDI : 0.951

Aus x1 : 0.925
Aus HDI : 0.957

Aus x3 : 0.954

Aus x2 : 0.993

Theorem 1: For two 
vectors x and y, x M1 y if 
and only if x > y and x y

Aus M1 Swe

0.9490.9820.9220.951Swe

0.9540.9930.9250.957Aus

x3x2x1HDICoun.

v0

≠



Example 2

e3 = (0,0,1)

e1 = (1,0,0)

e2 = (0,1,0)

Can x3 : 0.959

Can x1 : 0.919

Can x2 : 0.970

Can HDI : 0.950

Ire x1 : 0.882 Ire HDI : 0.956

Ire x3 : 0.995

Ire x2 : 0.990

0.9590.9700.9190.950Can

0.9950.9900.8820.956Ire

x3x2x1HDICoun.

Ireland Canada Ranking is 
not Robust.

e1 = (1,0,0)

e2 = (0,1,0) (0,0,1) = e3

Can

Ire
v0 v0



Partial Ordering

Column Dominates Row
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Partial Ordering

Column Dominates Row
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Partial Ordering

Column Dominates Row
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Partial Ordering (Mr)

e3 = (0,0,1)

e1 = (1,0,0)

e2 = (0,1,0)

0
1 2 3v (1 )v e ; 0 1 and S ConHull(v ,v ,v )= − + ∀ ≤ ≤ =r r r r

d d rr r d r

v0

1 0 0If 1 then v e  and if 0 then v v= = = =d d dr r



Partial Ordering (Mr)

� For two achievement vectors x and y, x Mr y if 
and only if M(x; w) > M(y; w) for all w   Sr and 
M(x; w) > M(y; w) for some w    Sr

� Theorem 2: x Mr y if and only if M(x;   ) > M(y;   )
for all d and M(x;   ) > M(y;   ) for some d

∈

v r
d v r

d

∈

v r
d v r

d



r = 1/4

Column Dominates Row
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r = 1/4
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Measure of Robustness

eH = (0,0,1)

eL = (1,0,0)

eE = (0,1,0)

v0

Denote the measure of robustness by r*



Measure of Robustness

� Let ∆M = M(x,v0) - M(y,v0)
� ∆1 = x1 – y1,  ∆2 = x2 – y2,  ∆3 = x3 – y3

� ∆* = min{∆1, ∆2, ∆3}

� Theorem 3: If M(x,v0) > M(y,v0), then the 
robustness r* of the ranking can be 
expressed as r* = min{∆M/(∆M – ∆*),1}



Robustness Calculation

0.9590.9700.9190.950Can

0.0360.02-0.0370.006Difference

0.9950.9900.8820.956Ire

x3x2x1HDICoun.

� ∆M = 0.006
� ∆* = min{-0.037, 0.02, 0.036} = -0.037
� r* = min{∆M/(∆M – ∆*),1}

= min{0.006/(0.006 + 0.037), 1} = 0.139



Robustness Calculation

0.9490.9820.9220.951Swe

0.0050.0110.0030.006Difference

0.9540.9930.9250.957Aus

x3x2x1HDICoun.

� ∆M = 0.006
� ∆* = min{0.003, 0.011, 0.005} = 0.003
� r* = min{∆M/(∆M – ∆*),1}

= min{0.006/(0.006 - 0.003), 1} = min{2,1} = 1

Note that both comparisons have same ∆M
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Measure of Robustness (in Percentage)

Column Dominates Row



Proportion of Ambiguous Comparisons

� N Countries

� Total Comparisons: NT = N(N – 1)/2

� Ambiguous Comparison: NA

� Proportion of Ambiguous Comparison: NA/NT



Proportion of Ambiguous Comparisons

Benchmark Robustness
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Multivariate Positive Association

Benchmark Robustness

� Increase in Positive 
Association

� Perfect Positive 
Association

� For any arbitrary d dimensions that are 
independent of each other, maximum proportion 
of ambiguous comparison is 1 – 21-d
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Summary

� Equal Weighting System is arbitrary

� Robustness Check is Important

� Suggested a measure of robustness

� Proportion of Ambiguous Comparison 
Depends on Multivariate Association



Conclusion

� The Approach in This Paper can be Related 
to the Literature of Stochastic Dominance

� “Norway provides its citizens with the best….” –
How Confident They Were????

� Canada (6) was Better Than the USA (8) – Only 
with 3% Certainty!!!!



Thanks!!!


